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• Question 1: 35 points (+ 10 bonus)
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Problem 1. (35 Points + 10 Bonus) Consider the deterministic evolution of a random disease
prevalence x as a function of a person’s age t ≥ t0 of the form,

ẋ = f(t, x),

where the function f is continuous in (t, x) and continuously differentiable in x. Without loss of generality,
we set t0 = 0 and assume that the prevalence x(t) at time t is distributed with cumulative distribution
function (cdf) Gt on [0, 1], where G0 =: G is given.

(i) If λ(t) > 0 is a known incidence of the disease, then f(t, x) = λ(t)(1 − x(t)). Find the prevalence
distribution at time t > 0 as a function of the time-0 distribution G. [Hint: Determine the
flow ϕ(t, x0) for any x0 ∈ [0, 1]. Then find x0 as a function of the time-t prevalence x = x(t).]

(ii) Specialize your findings in part (i) when the distribution of the initial state is uniform, i.e.,
when G(x) ≡ x on [0, 1], and when the incidence λ is a positive constant.

(iii) Consider now the use of a binary diagnostic test at time t with sensitivity q1 and specificity q2,
where q1, q2 ∈ (1/2, 1) implying that test outcomes are properly labelled. In other words, conditional
on the individual being ill (state X) the test is positive (outcome S) with probability P (S|X) = q1;
conditional on the individual being healthy (state X̄) the test produces a negative result (outcome S̄)
with probability P (S̄|X̄) = q2. Conditional on a base rate x, the posterior belief after having
observed a positive test result is therefore

p(x) =
κx

1 + (κ− 1)x
,

where κ = q1
1−q2 > 1 is a likelihood ratio representing the decision maker’s confidence in S as an

indicator for X.

In the setting of part (ii), determine the probability πt that a random individual has the disease at
time t, conditional on a positive test outcome at time t.

(iv) You are told to apply a threshold decision rule of the form: “if the test-confirmed belief πt ≥ α,
then start a treatment.” If the test is optimally performed at a prevalence x > 0 and shows a
negative result (i.e., an outcome S̄), the updated prevalence belief for that individual becomes

n(x) =
(1/ν)x

1 + ((1/ν)− 1)x
,

where ν = q2
1−q1 > 1 is a likelihood ratio representing the decision maker’s confidence in S̄ as an

indicator for X̄.

In the setting of part (iii), find the optimal waiting time ∆t until re-testing if a test came back
negative at time t, for a given decision threshold α.

(v) Consider now a deadly contagious disease which spreads with logistic growth dynamics, according
to the law of motion

ẋ = λ(1− x)x− δx,
where the parameters for incidence (λ) and mortality (δ) are such that λ > δ > 0.

Find all equilibria of the system and determine their stability. Analogous to part (iii), determine
the probability πt that an individual has a disease, given a positive test result at time t.
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(vi) [Optional] We now include an infected population with symptoms (y2), which is obtained from
infected individuals without symptoms (y1) at an incubation rate ρ > 0. Infected individuals with
symptoms die at the rate δ > 0. For simplicity, we assume that the incidence λ > 0 and the
incubation rate σ > 0 are constant. Set up a system of two linear differential equations (for y1
and y2) and describe how one can generalize the analysis under parts (i) and (ii) to this more
detailed model.

Problem 2. (35 Points) Consider the infinite-horizon optimal resource-consumption problem∫ ∞
0

e−rtu(t)dt −→ max,

subject to
ẋ = −g(u), x(0) = x0, x(t) ≥ 0,

and
u ∈ [0, ū],

where the positive constant ū is large and g is a convex function with nonnegative values and g(0) = 0.
The initial amount of the resource x0 > 0 is given.

(i) To ensure nonnegativity of the state convert the above infinite-horizon optimal control problem into
a finite-horizon optimal control problem, on the interval [0, T ], without any pure state constraints on
the trajectory other than possibly at the endpoints. Formulate the complete finite-horizon problem
with all relevant constraints.

(ii) Use the Pontryagin maximum principle to characterize an optimal state-control trajectory (x∗, u∗)
for the problem in part (i).

(iii) Determine the optimal solution if the decision maker has a CARA utility function of the form U(c) =
1− e−ρc, where ρ is a positive constant and c = c(t) is the consumption level at time t.

[Hint: Set u(t) = U(c(t)) and determine g and the inverse of g′ which you can call h.]

(iv) Assume that the time horizon T in part (i) is free (why?!), and determine the optimal length of
this horizon for the decision maker in part (iii).

(v) For the problem in part (iv), find the value function V (x) for all x ≥ 0 and show that it satisfies
Bellman’s equation.

[Hint: Use your solution of part (iv) to construct V ; do not solve the Bellman equation directly.]
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Problem 3. (30 Points) Consider a continuum of agents (or agent types), indexed by θ ∈ Θ = [0, 1]
and distributed with the continuous probability density f(θ) = Ḟ (θ) > 0 (where F is the associated
cumulative distribution function). Each agent θ likes to consume bandwidth x(θ) ∈ [0, 1]; and he also
cares about the aggregate bandwidth consumption

y =

∫ 1

0

x(θ) dF (θ).

If agent θ has to pay t(θ) for his bandwidth consumption, then his net utility is

U(t, x, y, θ) = θx(1− αy)− t,

where α ∈ [0, 1] describes the degree to which the agent is affected by the congestion externality. Any
agent can also choose to consume nothing, in which case his net utility is zero. A principal1 would like to
construct an optimal nonlinear screening contract (t, x) : Θ→ R× [0, 1] so as to maximize her expected
profit

V̄ (t, x) =

∫ 1

0

(
t(θ)− c(x(θ))2

2

)
dF (θ),

where c > 1 is a cost parameter.

(i) Formulate the principal’s mechanism design problem as an OCP.

(ii) (9 points) Find the optimal screening contract (t∗(θ), x∗(θ)), θ ∈ Θ.

(iii) Convert the optimal screening contract in (ii) into an optimal price-quantity schedule τ ∗(x), x ∈
[0, 1], that the principal can actually advertise.

(iv) Analyze and interpret the dependence of your solution on α ∈ [0, 1]. What is the effect of the
congestion externality?

1Assume that the principal knows only the distribution of agent types but cannot distinguish them other than by offering
them a menu of options in the form of a screening contract.
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