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Problem 5.1 (Cournot Oligopoly) Let us assume that a > c > 0.

(i) Firm i solves the following optimization problem:

max
qi≥0
{qi(p(qi, q−i)− c)} .

With p(q) =
[
a− b

∑n
j=1 qj

]
+

, the FOC yields (a− c)− b
∑n

j=1 qj + qi(−b) = 0, as long as p(q) > c.

Thus,

q∗i (q−i) =

{
(a−c)−b

∑
j 6=i qj

2b
, if p(q∗i , q−i) ≥ c,

0, otherwise.
(1)

In equilibrium, by symmetry q∗i = q∗j = q∗ for all i, j. Adding these relations to (1) yields

q∗ =

{ a−c
(n+1)b

, if a > c,

0, otherwise.

As n→∞, q∗ → 0.

(ii) For n = 2, we find that q∗ = a−c
3b

. If firms merge, the optimization problem becomes

max
q≥0

q (p(q)− c)

where p(q) = [a− bq]+. The optimum is q = a−c
2b

, where q is the aggregate quantity for the two
firms. Hence, the production of one firm becomes

qcollude =
a− c

4b
.

This corresponds to scaling back aggregate production, compared to a−c
3b

, as expected from a mo-
nopolistic situation.

(iii) The socially optimal production is obtained when the marginal utility equals the marginal cost,
equals the price. Since p = [a− bq]+, this occurs when a− bq = c, or

qsoc =
a− c
b

.

1



In the oligopoly situation, the aggregate production equals

qolig =
(a− c)n
(n+ 1)b

=
n

n+ 1
qsoc.

Therefore, the aggregate production in the oligopoly case is less than the socially optimal one, but
gets arbitrarily close to it as the number of firms goes to infinity.

(iv) In (i), for the duopoly case, observe that the best-response correspondences q∗1(q2) and q∗2(q1) inter-
sect only once. However, in the case where these response functions are more complex, they may
cross more than one, leading to multiple NE. In practice, multiple equilibria may imply coordination
problems and possibly randomization.1

Problem 5.2 (Horizontal Product Differentiation)

(i) For i = 1, π1(x) = (x2 + x1)/2. For i ∈ [2, . . . , n − 1], πi(x) = (xi+1 − xi−1)/2. For i = n,
πn(x) = 1− (xn−1 + xn)/2.

(ii) For n = 2, the best response of 1 given 2’s position x2 is x∗1(x2) = x2− ε if x2 > 0.5, x∗1(x2) = x2 + ε
if x2 < 0.5, and x∗1(x2) = x2 if x2 = 0.5. The best response of player 2 is obtained by symmetry.
Therefore, the unique NE is x∗1 = x∗2 = 0.5.

(iii) From part (ii) we see that players have an incentive to locate exactly at the same place, or to
minimize their differentiation, i.e., Hotelling’s “principle of minimum differentiation” obtains im-
mediately.

Problem 5.3 (Tragedy of the Commons)

(i) Since there are no costs of entry, the fishermen will send out boats, as long as they can collect
positive rents. Hence, the equilibrium number of boats is

b∗ = max{b ∈ R+ : pf(b) ≥ rb} = (p/r)2.

In other words, average revenue equals average cost in equilibrium.2

(ii) The welfare-maximizing number b∗∗ is

b∗∗ ∈ arg max
b≥0
{pf(b)− rb} =

{( p
2r

)2}
.

At the social optimum b∗∗ marginal revenue equals marginal cost. Note that f(0) = 0 ensures b∗∗ ≤
b∗, by concavity of f .

1For instance, imagine that there are two pure-strategy equilibria, then in the spirit of Wilson’s (1971) oddness theorem
the existence of an additional mixed-strategy equilibrium is likely.

2If boats are assumed indivisible, then b∗ = max{b ∈ N : pf(b) ≥ rb} = b(p/r)2c.
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(iii) Since b∗∗ ≤ b∗, to implement the social optimum, the government could simply limit the total
number of boats, e.g., by requiring ‘fishing licenses.’ The number of licenses would then be limited
to b∗∗. Without any additional knowledge about the fishermen, the initial allocation of these licenses
could be at random. Another possibility for implementing the social optimum would be for the
government to impose a ‘fishing tax’, which is examined in more detail in part (iv) of this problem.

(iv) Given a nonnegative per-boat fishing tax t, the equilibrium condition can be obtained from the
result in part (i) by replacing r with r + t, so that (provided that b∗∗ > 0)

f(b∗∗)

b∗∗
=
r + t

p
.

This yields the socially optimal fishing tax

t∗∗ = p
f(b∗∗)

b∗∗
− r =

p√
b∗∗
− r = r.

Hence, the socially optimal fishing tax is equal to the cost of sending out a boat, effectively doubling
this cost, and thus internalizing the social cost of overfishing.

Problem 5.4 (Positional Goods and Prestige)

(i) Let θ̄1 and θ̄2 the prestige levels in the two neighborhoods. Then a consumer of type θ ∈ [0, 1]
prefers to live in neighborhood 2 over neighborhood 1 if (and only if)

u(θ, 2) = (1 + θ)(1 + θ̄2)− c2 ≥ (1 + θ)(1 + θ̄1)− c1 = u(θ, 1),

which is equivalent to
(1 + θ)(θ̄2 − θ̄1) ≥ c2 − c1.

Since c2 − c1 > 0, in equilibrium necessarily θ̄2 > θ̄1. Hence, the type-θ consumer prefers to build
in neighborhood 2 if and only if

θ ≥ c2 − c1
θ̄2 − θ̄1

− 1 ≡ θm.

We now show, by contradiction, that the marginal type θm lies in (0, 1). For this suppose first
that θm ≤ 0 and all agents choose to live in neighborhood 2, so that the prestige in this neighborhood
becomes θ̄2 = 1/2 (whereas prestige θ̄1 in the other neighborhood vanishes). Then

θm =
c2 − c1

1/2
− 1 > 0,

since c2−c1 > 1/2. Therefore, this cannot be an equilibrium, and we conclude that θm > 0. If, on the
other hand θm ≥ 1 and therefore all agents choose to live in neighborhood 1, then θ̄1 = 1/2 > 0 = θ̄2
which cannot be true in equilibrium. Thus, we have shown that θm ∈ (0, 1). Note that all types
build either in neighborhood 1 or neighborhood 2, since u(0, 1) > u(0, 2) = 1 + θm − c2 > 0 for
all θm ∈ (0, 1). In other words, all types participate in the housing market.
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(ii) From part (i) we know that all types participate in the housing market and that there exists
a θm ∈ (0, 1) such that consumers build in neighborhood 2 if and only if θ ≥ θm. We now compute
the marginal type θm. Since the consumers are uniformly distributed on the type space Θ = [0, 1],
the prestige levels are θ̄1 = θm/2 and θ̄2 = (1 + θm)/2. Hence, from part (i) we know that

c2 − c1
θ̄2 − θ̄1

− 1 ≡ θm =
2(c2 − c1)

(1 + θm)− θm
− 1 = θm,

so that (with c1 = 1/8 and c2 = 7/8)

θm = 2(c2 − c1)− 1 = 1/2.

(iii) Using the findings of part (ii), the equilibrium prestige levels in the two neighborhoods are θ̄1 =
θm/2 = 1/4 and θ̄2 = (1 + θm)/2 = c2 − c1 = 3/4. Consequently, in equilibrium the utility of a
type-θ consumer is given by

u(θ; θm) =

{
(1 + θ)(2 + θm)/2− c1, θ ∈ [0, θm),
(1 + θ)(3 + θm)/2− c2, otherwise.

(iv) We simply consider the effect of an increase in the marginal consumer type (that separates the two
groups). Based on the result in part (iii) we have

∂u(θ; θm)

∂θm
=

1 + θ

2
> 0

for all θ ∈ Θ. Hence, by increasing the number of people in neighborhood 1, all consumers are
strictly better off.

(v) Using our results from part (iv) the social optimum is easy to find. For any θm separating the
two consumer groups a strict Pareto-improvement can be obtained by increasing θm. Thus, the
social optimum is achieved when every consumer builds in neighborhood 1. In that case a type-θ
consumer’s socially optimal utility level is

u∗∗(θ) = 3(1 + θ)/2− c1.

This also makes sense intuitively, since the additional expenditure of (c2 − c1) on housing is not
useful from a social viewpoint. In this model the segregation of the consumer population into
different neighborhoods resulting from concerns about prestige is socially harmful, not only in the
aggregate but for each individual consumer type!

(vi) A social planner could incentivize people to build cheaper houses by taxing houses that exceed the
building cost of c1. A tax t that would produce the social optimum as an equilibrium outcome
would increase c2 to c2 + t. This would implement the efficient outcome if

θm = 2(c2 + t− c1)− 1 ≥ 1,

i.e., if t ≥ 1− (c2− c1). Note that with this tax (which is to be paid only if building costs exceed c1)
is not actually paid in equilibrium, since all consumers will build houses at cost c1. More generally,
any tax scheme that ensures that all consumers participate (i.e., obtain nonnegative utility in
equilibrium) and is such that the cost difference between the prices of building houses exceeds one,
will result in a single neighborhood (and potentially positive tax revenues for the social planner).
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