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Problem 1.1 (Walrasian Demand)

(i) (10, 80) at the total expenditure of 90 does not exhaust the available budget of 100. Thus, the
remaining 10 money units could be used to buy more fruit which (by nonsatiation) would strictly
increase the utility level for either John or Jane.

(ii) Let ûJohn(x, y) = ϕ(uJohn(x, y)) for the increasing transformation ϕ(z) = z2. The utility functions u
and û are different (but equivalent) cardinal representations of John’s preferences. They have the
same ordinal characteristics, since for any (x, y), (x̂, ŷ) ≥ 0:

uJohn(x, y) < uJohn(x̂, ŷ) if and only if ûJohn(x, y) < ûJohn(x̂, ŷ).

(iii) At the price vector p = (1, 1) and income of w = 100 the budget set is B(p, w) = {(x, y) ∈ R2
+ :

p · (x, y) = x+ y ≤ 100}. [This corresponds to a plane triangle with the vertices (0, 0), (0, 100), and
(100, 0).]

(iv) John’s indifference curve through the bundle (10,80) is a quarter circle, centered at the origin, of
radius

√
102 + 802 ≈ 80.62. Jane’s indifference curve through the bundle (10,80) is the graph of the

function y = 800/x in the positive orthant.

(v) John’s Walrasian demand (x∗, y∗) is determined by the solution to his utility maximization problem
(UMP)

(x∗, y∗) ∈ arg max
(x,y)∈B(p,w)

{
x2 + y2

}
.

The corresponding Lagrangian is L(x, y;λ, µ, ν) = x2 + y2 − λ(x + y − 100) + µx + νy, and the
optimality conditions are

∂L
∂x

= 2x− λ+ µ = 0,

∂L
∂y

= 2y − λ+ ν = 0,

and λ(x+ y− 100) = µx = νy = 0 (complementary slackness). Solving these yields that x = 100−
y = 50 + (ν−µ)/4 and that λ = 100 + (µ+ ν)/2 and µ · ν = 0. The Lagrange-multiplier framework
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therefore allows us to obtain the global minimizer (50, 50) as well as the local maximizers (0, 100)
and (100, 0). Because of symmetry we can conclude that

(x∗, y∗) ∈ {(0, 100), (100, 0)}.

Jane’s UMP is
(x∗, y∗) ∈ arg max

(x,y)∈B(p,w)
{xy} .

The corresponding Lagrangian is L(x, y;λ, µ, ν) = xy−λ(x+y−100)+µx+νy, and the optimality
conditions are

∂L
∂x

= y − λ+ µ = 0,

∂L
∂y

= x− λ+ ν = 0,

and λ(x + y − 100) = µx = νy (complementary slackness). We find that x = 100 − y and λ =
50+(µ+ν)/2, and µ·ν = 0. The Lagrangian framework therefore yields the local minimizers (0, 100)
and (100, 0) as well as the global maximizer

(x∗, y∗) = (50, 50).

Clearly, from the above analysis it follows that switching the John and Jane’s consumption bundles
between them would be a very bad idea, essentially resulting in the maximum possible utility
difference (provided the entire budget is spent).

In sum, John likes specializations. He enjoys additional other fruit but the more of one he collects
the more he prefers it, and he wants what he already has the most. Jane prefers an equal balance
between all fruit. She craves whatever fruit she currently has the least of and needs a positive
quantity of both fruit to be happy.

(vi) Taking away one apple from Jane’s optimal consumption bundle (x∗, y∗) = (50, 50) yields the
bundle (49, 50). Her utility, uJane(49, 50) = 49 · 50 = 2450 < 502 = 2500. We therefore need to
compensate her with b bananas, so that uJane(49, 50 + b) = uJane(50, 50) = 2500, i.e., 49(50 + b) =
2500, whence b = 2500/49 − 50 = 1.02. She therefore needs to obtain about one banana as
compensation for the apple. Note that her marginal rate of substitution between apples and bananas
at the optimum bundle is

MRSJane(x
∗, y∗) =

∂uJane/∂x

∂uJane/∂y

∣∣∣∣
(x∗,y∗)

=
y∗

x∗
=

50

50
= 1,

which exactly corresponds to the price ratio. The marginal rate of substitution MRSJane = (∂uJane/∂x)/(∂uJane/∂y)
evaluated at (50, 50) is equal to the ratio y/x evaluated at (50, 50), which in turn is equal to one.
For John, we have a corner solution. His marginal rate of substitution between apples and bananas
at the bundle (x∗, y∗) = (0, 100) is

MRSJohn(x
∗, y∗) =

∂uJohn/∂x

∂uJohn/∂y

∣∣∣∣
(x∗,y∗)

=
2x∗

2y∗
=

0

200
= 0,

which is equal to pA/pB(1− µ/λ) < pA/pB = 1.1

1A similar situation obtains for the bundle (100, 0).
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(vii) Since John’s Lagrangian is convex, his demand is a corner solution of his utility maximization
problem and we find, analogous to part (v), that (x∗(p, w), y∗(p, w)) ∈ {(0, w), (w, 0)} for p =
(pA, pB) = (1, 1). His Engel curves correspond to the axes in the positive orthant.

Jane’s UMP is to maximize xy, subject to x + y ≤ w, which using the same computations as in
part (v) yields that (x∗(p, w), y∗(p, w)) = (w/2, w/2), provided that p = (1, 1). Her Engel curve is
the 45-degree line in the positive orthant.

(viii) John’s UMP is to maximize x2 + y2, subject to x + pBy ≤ 100 and (x, y) ≥ 0. His corresponding
Lagrangian is L(x, y;λ) = x2 + y2 − λ(x + pBy − 100). Checking his utility at the corner bun-
dles (0, 100) and (100, 0) we obtain that 1002 and (100/p)2 are the two possible utility levels he can
achieve. Hence, if pB > 1, John likes to consume only apples, i.e., his optimal consumption bundle
(100, 0) becomes unique.

(ix) Again, we first formulate Jane’s UMP, which is to maximize xy, subject to (pA, pB) · (x, y) =
pAx + pBy ≤ w and (x, y) ≥ 0. We already know from earlier parts in this problem that Jane
must consume at the interior in order to achieve a positive utility level. Hence, we can drop the
nonnegativity constraint. Her Lagrangian is then L(x, y;λ) = xy−λ(pAx+pBy−w). We therefore
find that MRSJane = y/x = (w − pAx)/pBx = pA/pB. Hence, her Walrasian demand as a function
of her budget w and the price vector p = (pA, pB) becomes

(x∗(p, w), y∗(p, w)) =

(
w

2pA
,
w

2pB

)
.

Because an increase in price of bananas leaves her consumption of apples unchanged, and vice versa,
the two fruit are independent.2

(x) Jane’s Hicksian demand h∗(p, U) = (h∗A(p, U), h∗B(p, U)) solves her expenditure minimization prob-
lem (EMP), so that3

h∗(p, U) ∈ arg min
(x,y):uJane(x,y)≥U

{pAx+ pBy} .

The Lagrangian for this problem is L(x, y;λ) = pAx+ pBy + λ(U − xy) (note the ‘+’ in front of λ,
since we are dealing with a minimization problem). The necessary optimality conditions are

∂L
∂x

= pA − λy = 0,

∂L
∂y

= pB − λx = 0,

and λ(U − xy) = 0. Hence,
pA
pB

=
y

x
=
U/x

x
=
U

x2
,

so that her Hicksian demand can be written in the form

(h∗A(p, U), h∗B(p, U)) =

(√
UpB
pA

,

√
UpA
pB

)
.

2Strictly speaking, they are both (weak) complements and (weak) substitutes.
3Given what we already know about Jane’s preferences, we neglect the nonnegativity constraints.
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Using part (ix) we can substitute U = uJane(x
∗(p, w), y∗(p, w)) = w2/(4pApB) into Jane’s Hicksian

demand and obtain that

(h∗A(p, U), h∗B(p, U)) =

(
w

2pA
,
w

2pB

)
= (x∗(p, w), y∗(p, w)).

That is Hicksian and Walrasian demand are identical, since the expenditure-minimizing bundle to
achieve the utility level uJane(x

∗(p, w), y∗(p, w)) is precisely the Walrasian demand (x∗(p, w), y∗(p, w)).

Problem 1.2 (More on Walrasian Demand)

(i) An increasing transformation of the utility function with the function ϕ(y) = y1/(α+β+γ) for all y ∈
R+ represents the same preferences as u, and

ϕ(u(x)) = (x1 − b1)α/(α+β+γ)(x2 − b2)β/(α+β+γ)(x3 − b3)γ/(α+β+γ) = (x1 − b1)α̂(x2 − b2)β̂(x3 − b3)γ̂

for all x ≥ b, where α̂ = α/(α+β+ γ), β̂ = β/(α+β+ γ), and γ̂ = γ/(α+β+ γ). By construction
we have that α̂ + β̂ + γ̂ = 1.

(ii) The Lagrangian for the utility maximization problem is

L(x;λ) = (x1 − b1)α(x2 − b2)β(x3 − b3)γ − λ(p · x− w),

provided that x� b. The first-order necessary optimality conditions are

α(x1 − b1)α−1(x2 − b2)β(x3 − b3)γ = λp1,

β(x1 − b1)α(x2 − b2)β−1(x3 − b3)γ = λp2,

γ(x1 − b1)α(x2 − b2)β(x3 − b3)γ−1 = λp3,

λ(p · x− w) = 0.

Since the marginal utility Dxiu(x) is positive and since it tends to infinity as xi → bi+ for all i ∈
{1, 2, 3}, the multiplier λ is positive and the maximizer strictly exceeds b (which is affordable
provided that w ≥ p · b). The last equation (complementary slackness condition) then implies that
p · x = w (Walras’ law).

(iii) By eliminating λ the necessary optimality conditions can be rewritten in the form

α

β

x2 − b2
x1 − b1

=
p1
p2
,

α

γ

x3 − b3
x1 − b1

=
p1
p3
,

p · (x− b) = w − p · b.

Hence, we obtain that p2(x2 − b2) = (β/α)p1(x1 − b1) and p3(x3 − b3) = (γ/α)p1(x1 − b1), which
(using the last relation) implies the Walrasian demand function

x(p, w) =

 α/p1
β/p2
γ/p3

 (w − p · b) + b.
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Since for any θ > 0 we have that x(θp, θw) = x(p, w), the Walrasian demand function is homoge-
neous of degree zero. Under (ii) we have already shown that Walras’ law is satisfied as a consequence
of the complementary slackness condition for λ > 0.

Problem 1.3 (Excise vs. Income Taxes)

(i) The Cobb-Douglas demand function guarantees an interior solution since the income w is positive.
The Lagrangian for the utility maximization problem is

L(x1, x2;λ) = xα1x
1−α
2 + λ(w − p1x1 − p2x2)

The first-order necessary optimality conditions are

αxα−11 x1−α2 = λp1

(1− α)xα1x
−α
2 = λp2

λ(w − p1x1 − p2x2) = 0

The underlying budget constraint is binding so that λ > 0, because the consumer’s demand follows
Walras’ law. By eliminating λ > 0, the necessary optimality conditions can be rewritten in the
form

αx2
(1− α)x1

=
p1
p2
,

p1x1 + p2x2 = w.

Hence, we obtain that

x(p, w) =

[
α/p1

(1− α)/p2

]
w.

(ii) Given an excise tax of t > 0 on good 1, the Walrasian demand changes to

xe(p, w; t) =

[
α/(p1 + t)
(1− α)/p2

]
w.

In other words, demand for x1 decreases by a factor of p1/(p1 + t), while demand for x2 remains
unchanged.

(iii) Given an income tax of T ∈ (0, w), the Walrasian demand changes to

xi(p, w;T ) =

[
α/p1

(1− α)/p2

]
(w − T ).

Hence, the demand for x1 and the demand for x2 are both scaled down by a factor of (w − T )/w.

(iv) The tax revenue from the excise tax is xe1(p, w; t)t = αwt/(p1 + t), while the tax revenue from the
income tax is T .

5



Figure 1: Choices under excise and income taxes which generate the same revenues.

(v) See Figure 1. EN is the consumer’s initial budget line and EE ′ is the new budget line when
facing an excise tax of t on good x1. Suppose the consumer’s most preferred consumption bundle

under the excise tax is at point X in Figure 1, corresponding to xe(p, w; t) =
(

αw
p1+t

, (1−α)w
p2

)
. If a

revenue-equivalent income tax is imposed, the new budget line must pass through point X, since
the budget line under the excise tax, x1(p1 + t) + x2p2 = w, can be rearranged to the budget line
under the income tax, x1p1 + x2p2 = w − x1t, where w − x1t is the tax-adjusted income. The new
budget line under the income tax is II ′.

Let us explicitly compare the cost of the consumer’s bundles under the different tax regimes. Equal
tax revenues in both regimes implies that T = αwt/(p1+t). The difference of the value p ·xe(p, w; t)
consumer’s consumption bundle with an excise tax and the value p · xi(p, w;αwt/(p1 + t)) is

p ·
(
xe(p, w; t)− xi(p, w;αwt/(p1 + t))

)
= p ·

([
x1(p, w)p1/(p1 + t)

x2(p, w; 0)

]
− x(p, w)

(
1− αt

p1 + t

))
.

After some algebraic manipulations, this difference can be equivalently rewritten in the form (using
that p2x2(p, w) = w − p1x1(p, w) by Walras’ law)

t

p1 + t
(w − p1x1(p, w)) ≥ 0.

Hence, the optimal bundle under an income tax becomes generally unaffordable under a revenue-
equivalent excise tax, so the consumer is better off under an income tax.

(vi) The (visual) analysis in Figure 1 applies to any agent with an increasing utility function which
has a marginal rate of substitution (MRS12 = (∂u/∂x1)/(∂u/∂x2)) that is strictly monotonic and
assumes the relevant p1/p2-values for an interior solution of the utility maximization problem. The
mere convexity of the upper contour set is not enough to obtain strict preference between the two
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modes of taxation (e.g., consider Leontief preferences as a counterexample). In addition, it does not
really matter if the utility function is convex or concave because monotonic transformations of the
utility may change the curvature, but they do not change the solution to the utility maximization
problem (e.g., when taking the convex function v(x1, x2) = x21x

2
2 = (u(x1, x2))

5 instead of the
concave function u(x1, x2) = (x1x2)

2/5 an agent’s consumption behavior will not change because his
indifference curves do not change).
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