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1 Introduction

There is a longstanding tradition, commonly attributed to Frank Knight
(1921, pp. 19-20, 199-232), to distinguish between risk and uncertainty. Af-
ter a whole chapter on the two notions, their differences and commonalities,
Knight concludes (on page 233):

[t]he practical difference between the two categories, risk and un-
certainty, is that in the former the distribution of the outcome
in a group of instances is known (...), while in the case of un-
certainty this is not true, the reason being in general that it is
impossible to form a group of instances, because the situation
dealt with is in a high degree unique.

Just preceding that paragraph he noted,

[wle can also employ the terms “objective” and “subjective”
probability to designate the risk and uncertainty respectively, as
these expressions are already in general use with a signification
akin to that proposed.

In Knight’s distinction risk corresponds to an objective notion of event prob-
ability which is (at least in principle) verifiable, for instance by experiment.
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Thus, you might agree that the probability of an unweighted coin to show
“tail” after a single toss is approximately 1/2. On the other hand, if you
think about the event of Stanford winning the next “Big Game” in football
against Berkeley (Cal) the subjective assessment of the probability of a Stan-
ford win might be quite different for each one of you. The event would thus
— in the Knightian distinction — fall under uncertainty. We will see, how-
ever, that given a rather small set of assumptions on your preferences over
lotteries, it is possible to construct a unique “subjective” probability distri-
bution over an exhaustive, mutually exclusive list of events ({Stanford wins,
Stanford loses}) dissolving the material difference between risk and uncer-
tainty. In the remainder of this course we will therefore simply disregard the
distinction between risk and uncertainty and use both terms interchange-
ably. We will also assume that a probability distribution of the uncertain
decision-relevant events is given, be it either objectively or constructed by
evaluating subjective preferences over lotteries of outcomes.

If there is no fundamental difference between risk and uncertainty, one might
still be able to argue about the strength of beliefs: for instance, we can be
pretty (though maybe not absolutely) certain that the probability of “tail”
in a single-coin toss is 1/2, whereas you might not have a lot of confidence
in your subjective assessment that with 75 percent probability Stanford will
win the next Big Game. Note though, that a lack of confidence cannot
have any effect on any terminal action that you need to take based on a
subjective probability assessment. Thus, as an example, if you were forced
to make a fair bet of 10 dollars you should be indifferent between betting
the money on Stanford or on the event (“tail”,“tail”) after tossing two coins
simultaneously.! On the other hand, if the terminal action (making the bet)
is not immediately required, a lack of confidence might provoke you to take
an informational action (e.g., you could find out more about the two teams
and/or consult experts) before you commit to a terminal action.

Overview. In this lecture we will formulate the expected utility paradigm,
show how representations of utility functions are uniquely (up to positive

!There might be behavioral reasons why you might still prefer the coin toss, such as
“ambiguity aversion”: individuals often prefer situations where event probabilities are well
known to situations in which the likelihood of the different outcomes is ambiguous. An
axiomatic explanation of ambiguity aversion (based on a relaxation of the independence
axiom by Von Neumann and Morgenstern, cf. Section 3) has been proposed by Schmeidler
(1989).



linear transformations) implied by a set of simple choice axioms, and how
risks, after they have been quantified, can be ordered with respect to differ-
ent classes of utility functions. We conclude this lecture with some remarks
on comparative statics under uncertainty and a few applications.

2 The Expected Utility Paradigm

Every decision making problem consists in selecting a preferred action out
of a (closed) set of possible actions A, given a set of possible consequences C.
The occurrence of a particular consequence ¢(a,w) depends — in addition to
the decision maker’s action a — on an uncertain state of nature w which is an
element of the state space ). Consequences are related to actions and events
by a consequence function ¢ : A x £ — C. The decision maker evaluates a
particular consequence using a scalar (measurable) utility functionu : C — R
that assigns a value to its desirability.? The expected utility of an action
a€ Ais

EU(a) = /Q u(e(a, w))dp(w), (1)

where p is an appropriate probability measure defined on (the Lebesgue-
completion of) R. Representation (1) is very general; depending on the
circumstances it may however be useful to vary it somewhat. We will now
briefly discuss two variations.

1. Countable Partition of Q. A collection of events {&},-, which are
pairwise disjoint (i.e., B N E; = 0 for any k # j) and exhaustive (i.e.,
Ui, & = Q), is called a partition of Q.3 If on any such partition

2Hirshleifer and Riley (1992, pp. 13-21) distinguish between a preference-scaling func-
tion (also called “elementary utility function”) which measures the desirability of conse-
quences and a utility function which measures the desirability of actions. We will call
utility function a measure of the desirability of consequences (which depend on actions
and events) and expected utility the measure of the desirability of an action.

3Strictly speaking, each event & is an element of a o-algebra R C P(f2), whereby P(Q)
denotes the collection of all subsets of 2. The decision maker assesses the probability
of & using a probability measure p(Ex). The o-algebra R is a family of subsets of Q
that contains  and is closed under the operations of countable union, intersection, and
difference. A probability measure p is a real nonnegative function defined on R such
that u is countably additive (for any countable number of disjoint subsets &1, &, ... of Q:
w(Er1UEU. ) = p(&1)+p(E)+--+) and pu(2) =1 (normalization). The triplet (2, R, u)
is referred to as a probability space. For a short and rigorous exposition of measure theory
see Kirillov and Gvishiani (1982, pp. 12-37). A classical treatment is by Halmos (1950).



consequences only depend on an action and on the particular event
(and not on the particular state of nature contained in an event), i.e.,
if ¢(a,wy) = cx(a) for all wy, € &, k =1,2,..., then representation (1)
is equivalent to

oo
BU(a) = 3 u(Eulci(a)). (2)
k=1
We can therefore replace the state space  with the partition of €2,
reducing the cardinality of the state space and possibly its dimension-
ality. In other words, each event & in the partition can be seen as
an elementary event by itself and it is therefore unnecessary to distin-
guish between different elements w € &. By construction, changing
from (1) to (2) does not affect the decision maker’s preferences over
actions.

2. Decomposable Consequences, C = Ax X x . If the set of consequences
can be represented as the cartesian product of the action space A, a
cartesian outcome space X C R™ (for some m > 1) and the state
space €, then it is possible to rewrite (1),

EU(a) = /Q < /X u(a,x,w)du(:p;a,w)) du(w), (3)

where v is a probability measure (actually the cdf) of the random
variable £ € X of the form Prob(Z < z|a,w) = v(z;a,w). The set
of consequences C is decomposable in this manner, if by selecting an
action a € A the decision maker chooses a probability distribution of
possible outcomes in X.

The following examples outline how an appropriate expression for the ex-
pected utility can be obtained in practical settings.

Example 1 Consider the standard portfolio problem in which an investor
with initial wealth w selects how much she should invest in a risky asset
of uncertain return 7 € [—1,1] = Q and how much she should hold in cash
at zero return. In this decision making problem the investor’s action a is
the amount that she invests in the risky asset: in the absence of borrowing,
a € [0,w] = A. The consequence of any action a also depends on the
uncertain return 7, so that c¢(a,7) = w + a7. Assuming that the investor
always strictly prefers more wealth, her utility function u evaluating the



consequences is strictly increasing. It is convenient to assume that her utility
function is also continuous.? Let us now construct a probability measure for
the interesting events {r}, r € Q. Note first that these events are disjoint but
not countable, so that our expected utility formula (1) does not immediately
apply. In fact the o-algebra R needed to accommodate all interesting events
is far larger than their union. The construction of a set-measure p on R
proceeds as follows. First, one can verify that the o-algebra R generated
by the relevant events {r} is (in addition to containing €2 itself) spanned by
the collection of all half-open intervals [a,b) C €. Second, by additivity it is
p([a, b)) = u([-1,b)) — pu([—1,a)), so that with the “cumulative distribution
function” (cdf) F(z) = u([—1,z)) = Prob(7 < z) any set in R can be
measured in terms of F'. Using the set-measure p it is possible to construct
a Lebesgue integral which allows computing the weighted sum (1), even if the
underlying state space is not countable (but is merely Lebesgue-measurable):

1
EU(a;w) = / u(w + ar)dF(r).

-1

The cdf F represents the decision maker’s beliefs about the distribution of
outcomes and needs to be specified in order to determine a solution to the
decision making problem.® One can show that since u is continuous EU(-)
is also continuous. Since the action set A is compact, an optimal action a*
maximizes her expected utility, and a solution to her decision problem con-
sists thus in finding
a*(w) € max EU (a; w).
acA

We will revisit the standard portfolio problem later in this course. O

Example 2 Consider a monopolistic firm that faces the decision (a € [0, 00))
to enter an uncertain market (a > 0) with a new product or not entering

4Proposition 1 provides a necessary and sufficient condition for a utility representation
of preferences. If preferences are continuous (which means that they are preserved under
limits), then the utility representation is also continuous (Mas-Colell et al., 1995, pp. 46—
47).

5The beliefs F could be either exogenously provided as an objective representation of
a cdf, or it could be endogenously constructed based on the decision maker’s preferences
over lotteries. If F is differentiable (almost everywhere), then a probability density function
(pdf) f = F’ can be obtained and the resulting Riemann-Stieltjes integral is computed by
evaluating the following ordinary Riemann integral: EU(a) = fjl c(a,r)f(r)dr.
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Figure 1: Timeline for the sequential decision problem in Example 2.

(a = 0). Entering the market involves making an irreversible upfront in-
vestment ka > 0, where k is a positive constant representing the “capital
intensity” of the production process. There is uncertainty about both the
demand for the new product (“market risk”) and the efficiency of the pro-
duction process (“technology risk”) which is still to be developed. For sim-
plicity we assume that the two types of risks are independent. To represent
the market risk assume that the firm faces a linear demand curve with un-
known intercept, i.e., at price p it faces a random demand D(p) = —p,
where @ is distributed on 2 = Ry with cdf F'. The technology risk, which
can be influenced by the firm through its investment decision, is represented
by a random marginal cost Z/a, whereby Z is distributed on X = R with
cdf G. Increasing a thus in expectation increases productive efficiency by
lowering marginal cost. The firm has to make three decisions in three time
periods t € {0,1,2}. At time ¢ = 0, it decides about its upfront investment
ka. Subsequently the technological uncertainty Z realizes, and at time t = 1,
the firm fixes its production quantity ¢*(a,z). At time ¢t = 2, the demand
realizes and the firm sets its price p* (cf. the timeline in Figure 1). To solve
such a dynamic decision making problem under uncertainty it is often useful
to adopt a dynamic programming approach by starting the solution at the
last period working backwards. At time ¢ = 2, the firm’s (deterministic)
profits can be written as
. qx

Iy (p; a,q, z,w) = pmin{q,w — p} — ka — —
Deterministic maximization of Iy with respect to p, the details of which are
left to the reader, yields®

p*(¢q,w) = max{w — q,w/2}.

We can see that the firm prices more aggressively, once demand at the

SNote that the sunk cost portions —ka and —qx/a are irrelevant for the pricing decision.
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Figure 2: Optimal pricing and production decisions in Example 2 under the
assumption that both risks are independent and uniformly distributed.

optimal price reaches the capacity limit (i.e., as soon as w > 2q), cf. Figure 2.
Using this result we can write the firm’s expected profits at time t = 1,

Hl(Qa a, :U) = EHQ(p*(qaw)v a,q,x, dj)

- [

The first-order necessary optimality condition with respect to ¢ is given by

g;_f;;wdF(w)
a  1-F(2)’

o0

<w —q— g) qdF(w) — ka.

2q +

an expression that yields candidates for the optimal production quantity
q*(a,z). At t = 0, the firm’s expected ex-ante profits are given by

o(a) = ETl(q*(a,%); a, %).

Maximizing the last expression determines the firm’s entry and investment
decision as a function of the capital intensity k. Note that the firm’s in-
vestment action a has an informational component, since not only does it
increase productive efficiency, it also decreases the technology risk.” O

"For the special case in which the technology and market risks are (independently)
uniformly distributed on [0, 1], i.e., #,& ~ UJ0,1], we obtain ¢"(a,z) = [1/2—z/a]_,
cf. Figure 2. The firm’s optimal action a*(k) at ¢ = 0 is then

a* (k) = k(1+v1—64k)/(4k), if k <1/64,
0, otherwise.

a*(k) and the resulting investment ka”(k) are depicted in Figure 3 as a function of the
capital intensity k. For k > k = 1/64 the firm does not enter the market.
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Figure 3: Optimal action a*(k) and resulting investment ka*(k) in Exam-
ple 2 as a function of k under the assumption that both risks are independent
and uniformly distributed.

3 Axioms of Choice

So far we have implicitly assumed that actions can be selected by evaluating
an expected utility function. We have seen that if the decision maker chooses
an action a € A, then in fact she singles out a distribution of consequences,
which we will refer to as a lottery. The decision maker thus prefers an
action a over another action a (where a,a € A), if and only if she prefers
the probability distribution implied by a over the one implied by a. Let
‘P represent the space of all lotteries over outcomes in a given set C. We
will now examine conditions under which preferences over elements of P can
actually be represented by expected utilities.

Definition 1 A preference preordering < over elements of a set S is a
binary relation, so that (i) s = s for any s € S (reflezivity); (ii) For all
$1,892,83 € S: 81 =X 8o and sy =X s3 implies that s1 < s3 (transitivity).

If for two actions s1,50 € S it is 81 = so and sy =< s1, then we write
s1 ~ so denoting indifference between s; and so. If 51 ~ so implies that
s1 = s2 then we call < an ordering (in contrast to a preordering, for which
indifference ~ only defines an equivalence class of elements). If s; < sy but
not ss =< s1, then we denote the implied strict preference of so over s; by
$1 < s9. Preferences per se already imply the existence of utility functions
in many cases.?

8Note the strict preference < does not represent a preference preordering according to
Definition 1 as it is not reflexive. It is of course possible to build all the theory using <
instead of < as the basic binary preference relation, cf. Fishburn (1970) and Kreps (1988).



Proposition 1 For any set S the following two statements are equivalent.”

(i) = is a preference preordering of S and there is a countable subset
Z C S such that: for any s,5§ € S with s < § there exists z € Z such
that s < z < 8.

(i) There exists a function u:S — R such that for any s,$ € S:

IA
>

s < uls) <ul(s). (4)

Proof.  (i)=(ii): Let Z = {z1,29,...} C S be =<-dense in S. For
each z; € Z (k€ {1,2,...}) 1 t5( )—2 k and for any s € S let Z(s) =
{zeZ:s5=<2}and 2_,7( ) {z : z =< s}. By the transitivity of the
preference relation,

s=8 = 2Z(s)C Z(3) and Z(3) C Z(s). (5)

Let us now introduce the function

= > - ) i)

z€Z(s) 2€Z(5)

with values in [0, 1] (by definition of §). Then, using (5),

ud) —uls) = Y 8z - D ) - > )+ > i2)
2€Z(3) 2€Z(8) 2€Z(s) 2€2(s)
_ ) P ezenz0) 02) + ezenz(s) 0(2) 2 0, if s X8,
=2 sezsN\2(5) 0(2) = Xsezenzs) 0(2) <0, if 5=,

which implies the utility representation (4) of the preference preordering <.

(ii))=(i): Let u : S — R be a function such that (4) holds for any s,5 € S.
It is clear that reflexivity holds, since s < s (i.e., u(s) = u(s)) for all s €
S. Moreover, transitivity is satisfied, since s; =< sa (i.e., u(s1) < u(sz2))
and sy <X s3 (i.e., u(s2) < u(s3)) implies that s; =< s3 (i.e., u(s1) < u(ss).
Thus, by Definition 1 relation =< is indeed a preference preordering. We
now need to show that the representation (4) also implies the existence of a

Tf for a preference preordering < of S condition (i) is satisfied for some countable
subset Z C S, then we say that S is <-separable. Correspondingly, the set Z is said to be
<-dense in S.



=<-dense subset Z of S. Let us denote by Q the countable collection of real
intervals with rational endpoints, i.e.,

Q ={[a,b]: a < band a,be Q}.

For each interval Z € Q with u(S) NZ # () select one element s € S such
that u(s) € Z. Let F denote the set of all such elements. Clearly, F is
countable. Furthermore, we set

R ={(c,;d) € 8>\ F?: ¢ <dand #s € F such that ¢ < s < d}.

Hence, if (¢,d) € R, then there is no s € S that lies in preference strictly
between ¢ and d, i.e., for which ¢ < s < d. Otherwise there would be an
element f € F with ¢ < f < d, since for any point in the open inter-
val (u(c),u(d)) there exists by construction an interval Z in Q with Z C
(u(c),u(d)) which contains that point. As a result, there cannot be any
overlap between any intervals (u(c),u(d)) with (¢,d) € R, which implies
that R is countable. Hence, the set

G={se S\ F:35€ S suchthat (s,5) € Ror (5,s) € R},

is countable, which implies that the union Z = F U G is also countable.
Now, if 5,5 € S\ Z and s < 8, then there exists an element z € Z such
that s < z < 5. In other words, the set Z C S is <-dense in S. |

When the set S is countable, then condition (i) in Proposition 1 becomes
trivial by setting Z = &§. The following classical example illustrates the
impossibility of finding a utility representation for the preferences when S
is not <-separable.

Example 3 Consider a decision maker with lezicographic preferences =,
defined on the set S = [0, 1] x [0, 1], such that

(81,82) j (§1,§2) g:e)g S1 S §1 or (81 = §1 and S9 S §2) .
The decision maker thus prefers an improvement in s; more than any im-
provement in so. Let us for a moment assume that there exists a utility
function uw : & — R that represents these preferences according to (4).
We now show that this inevitably leads to a contradiction. Note first
that (s1,0) < (s1,1) and therefore u((s1,0)) < u((s1,1)) for all s; € [0,1].
If we let
Als1) = ul(s1,1)) — u((s1,0)).

10



then A(sy) > 0 for all s; € [0,1]. As a result, the range [0, 1] of the first
coordinate can be written as a union of the subsets Sy, = {s1 : A(s1) > 1/k},

o0

[0,1] = U Sik.

k=1

Since the interval [0,1] is uncountable, some of the sets Sy have to be
uncountable as well. Let S,z be such an uncountable set for an appropri-
atek € {1,2,...}. Let A = u((1,1)) —u((0,0)) be the largest possible utility
difference between any two elements in S and let K > kA +1 be an integer.
Then for any K elements o1,...,0x € S with 01 < 00 < -+ < o we
have

u((o%,0)) = u((0x-1,0)) > u((o-1,1)) = u((ox-1,0)) > 1/k
for any k € {2,..., K}, so that

A = u((1,1)) —u((0,0))
[u((1,1)) = ul(ox, 0)] + [u((ok, 0)) = u((0x—1,0))] + ---
+[u((02,0)) = u((01,0))] + [u((a1,0)) = u((0,0))]
> 0+1/k+---+1/k+0= (K —-1)/k > A,

i.e., a contradiction. A utility representation of lexicographic preferences is
therefore not possible. The intuition is that because of the nonseparability
of the choice set with respect to <, any finite difference in the first attribute
must yield an unbounded utility difference, which results from adding up the
uncountably many finite utility differences (generated by variations in sg for
each fixed s1) in between. O

It turns out that the utility representation (4) of a preference preordering <
is unique up to a strictly increasing transformation.

Proposition 2 Let S be a set and u, 4 two utility representations of a pref-
erence preordering =< of S in the sense of (4). Then there is a function
¢ : R — R such that (i) ¢ is increasing on {v : v = u(s) for some s € S}.
(i) & = @ ou. — In addition, for any increasing function ¢ : R — R, the
function ¢ o is a representation of < in the sense of (4).

Proof. (ii) Let V = {v : v = u(s) for some s € S} and define a function
¢ : R — R such that for any v € V: ¢(v) = u(s), where s is such that

11



v = u(s). Moreover, on R\ V define ¢ such that it is monotonic (which
is possible as a consequence of the separability implied by Proposition 1).
(i) Let v1,v2 € V such that v; < vy. Then by virtue of the fact that u, @ are
utility representations of the form (4) over S it is

v <v & s1<s2 S p(u(st)) = a(s1) < p(u(s2)) = a(sa),

where v; = wu(s;) for ¢ = 1,2. In addition, for any increasing function
¢ : R — R we have that

s1<s2 & u(s1) <u(s2) & du(s1)) < dlu(se)),

which completes the proof. ]

In what follows we present one approach to the ordering of the actions based
on objective probabilities by Von Neumann and Morgenstern (1944).10 The
axiomatic approach to choice yields a representation of preferences. We
will show that if a decision maker’s preferences satisfy three basic axioms
(completeness, continuity, independence), then it is possible to represent her
preferences in an expected utility form. For modelling practice, the choice-
theoretic axiomatizations are likely to be only of limited relevance. We are
interested in these approaches only insofar as they allow us a representation
of preferences over actions, which is — as pointed out earlier — implied by a
representation of preferences over lotteries.

To avoid mathematical complexities it is convenient to assume that the state
space Q and the action space A be finite.!! Let the space of consequences
be of the form C = A x X’ x Q, where the outcome space X = {z1,...,2n}
is finite containing N elements. For each action-state pair (a,w) € A X
), the outcome Z is a random variable with support X. The set of all
probability measures over the outcomes can be represented by the (N —
1)-dimensional simplex A C RY. Since there are || states, the agent’s

10 A different approach using subjective probabilities is due to Savage (1954). Anscombe
and Aumann (1963) derived subjective probabilities based on a set of axioms that is very
similar to those by Von Neumann and Morgenstern.

HKreps (1988, pp. 52-63) discusses the Von Neumann-Morgenstern approach for mea-
surable utilities, when the set of lotteries is infinite. The underlying theory, which in-
volves the notion of “mixture spaces,” is due to Herstein and Milnor (1953). Kreps (1988,
pp- 99-111) also treats the Anscombe-Aumann approach (termed “horse race lotteries and
roulette wheels”) in the same mixture-space framework. A standard reference in choice
theory is Fishburn (1970).

12



preferences over actions correspond to preferences over lotteries in the |{2]-
fold cartesian product All = P c RI?IN Each element p € P is thereby of
the form p = (p¥,. .., p%)weq, where for all w € Q:12

N
do=1
k=1

To be very clear, choosing an action a in this framework corresponds to
selecting an element p of P, which specifies a distribution of payoffs for each
possible state w € ).

Von Neumann and Morgenstern (1944, pp. 24-29, 619-632) showed that the
following three axioms on a preference preordering over the space of lotteries
P (with outcomes in X') are sufficient for a representation of the expected
utility in the form (1).

Axiom 1 (Completeness) The preference preordering < of P is complete,
i.e., for any p,q € P either p < q or q <X p (or both).

Axiom 2 (Continuity) The preference preordering of P is continuous,
i.e., for any p,q,r € P such that p =X q < r there exists t € [0,1] such
that tp+ (1 —t)r ~ q.

Axiom 3 (Independence) The preference preordering is independent of
irrelevant alternatives, i.e., for any p,q,v € P and t € (0,1): p < ¢ =
tp+ (1 —t)r <tg+ (1 —1t)r.

Given these three axioms we are now ready to formulate the main represen-
tation theorem. We present here a rather general version (though, only for
finite choice sets) that includes state-dependent utilities.

Proposition 3 Let < be a complete preference preordering of P satisfying
the continuity and independence axioms. (i) Then < can be represented in
expected utility form, i.e., there is a function u : X X @ — R such that for

12The element p € P can be represented in the form of a Markov matriz: instead of
writing p as a column vector, each element in P can be expressed as an (N x |{2])-matrix
P= [pf](k «)» Whose elements are probabilities and whose columns sum to one.

13



any p,q € P: 13

pP2q < Z <Zptl:u(xk7w)> < Z <Z qtl:u(xhw)) : (6)
w k w k

(ii) The function w in part (i) is unique up to a positive linear transfor-
mation: For any u,v which represent =< in the expected utility there exist
constants a, B with o > 0, such that u = av + 3.

Proof. (i) The proof of the first part proceeds in six steps. Assume for
convenience that in P there exists a best lottery p and a worst lottery p, such
that p < p and for any p € P: p < p < p. (Should p ~ p, then p ~ ¢ for any
p,q € P and the expected utility representation (6) holds trivially for u = 0.)

Step 1: If p<q and t € (0,1), thenp <tp+ (1 —t)g < q.

The first claim means that a strict mixture of two lotteries p,q € P achieves
an intermediate preference. This follows from the independence axiom: in-
deed, for r = p we obtain from Axiom 3: p < tp+ (1 —t)q for all t € (0,1).
Similarly, for » = ¢ independence yields tp + (1 — t)g < g, which concludes
the first step.

Step 2: For any s,t € (0,1): sp+ (1 —s)p<tp+(1—t)p & s<t.

«<: Let s < t. Then for 8 = (t —s)/(1 —s) € (0,1) we have that
tp+(1—t)p=60p+ (1 —60)(sp+ (1 —s)p), since § + (1 —60)s =t and
(1-6)(1—s)=1—t. By Step 1, it is furthermore » = sp+ (1 — s)p < P, so
that by applying Step 1 again for » < p: 7 < 0p+ (1 —0)r =tp+ (1 — t)p,
which is nothing else than (1 —s)p < tp+ (1 —t)p. =: Assume that the con-
verse is true, i.e., s > t. If s = ¢, then naturally sp+ (1 —s)p ~ tp+ (1 —1)p,
which is a contradiction. Similarly, if s > ¢, then we can show as before that
tp+ (1 —t)p < sp+ (1 — s)p, which is also a contradiction. — This proves

13Given the probability space (€, P(Q2), i), the representation (6) is equivalent to the
standard expected utility representation,

p2a o Suo) (Saitons) < St (Satiton).
w k w k
as long as one chooses 4 : X x Q — R such that u(zk,w) = p(w)i(zk,w).
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our second claim.
Step 3: For any p € P there is a unique t(p) € [0, 1] such that fﬁ—l—(l—f)p ~p.

Existence follows directly from Axiom 2 and the fact that by assumption
p = p = p for all p € P. Uniqueness can be obtained as follows. Assume
that 3, € (0,1) are such that 3p + (1 — f)p ~ p ~ tp + (1 — #)p. (Note
that for £ € {0,1} or § € {0,1} uniqueness holds trivially.) Without loss of
generality we can assume that § < t. If § < ¢ then by Step 2 we have that
3p+ (1 —8)p < tp+ (1 — f)p, a contradiction. Thus § = ¢ which implies
uniqueness.

Step 4: The function ® : P — R with ®(p) = t(p) represents the preference
preordering < of P, i.e., relation (4) in Proposition 1 holds for S = P.

~

Indeed for any p,q € P we have: p < ¢ if and only if £(p)p + (1 — t(p))p =
t(q)p+ (1 — £(q))p. Step 2 therefore implies that

p=q & ip) <iq),

which proves our claim.
Step 5: The expected utility function ® is linear on P.

Let p,q € P and «y € [0,1]. For our claim to hold it is enough to show that
O(yp+ (1 —7v)q) =v®(p) + (1 —v)P(gq). By construction of the function &
it is

p ~ @@p+(1-2(p)p,

q¢ ~ ®(gp+(1-2(q)p

and thus by using Axiom 3 (independence):

w+A=7)g ~ v(@@)p+ (1 —-2P)p)+ (1 —7) (2(q)p+ (1 - 2(q))p)
~ [v@(p) + (1 =7)2(q)]p+[1 - (v@(p) + (1 —7)®(q))] p,
_l’_

so that necessarily ®(yp+(1—7)q) = v®(p)
the linearity of ®.

(1—7)®(q), which establishes
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Step 6: The expected utility function ®(-) has the representation in (6).

Note first that as a direct consequence of the linearity of ® for any p € P
we can write ®(p) as a linear combination of the elements of p:

(p) =2 | Y it |
w,k

where pf are appropriate coefficients. Let u : & x 1 — R be a map that as-
signs u(x,w) = p¢. The function u can be interpreted as a state-dependent
utility function. Thus, we obtain

op) =) <Zp‘;;’U(93k,w)> :
w k

which completes the last step.

(i) Let us assume, essentially for the same reasons as in part (i), that there
exists a best lottery p and a worst lottery p, such that p < p and for any
p € P: p < p =< p. From part (i) it is clear that if u is a representation of
=, then (6) holds. Let us first show that (6) then also holds for v = au + 3,
where «, 8 are arbitrary real constants with o > 0. Indeed,

Z (ZP‘;‘QU(&%@) O‘Z <Zp7§u(a:k,w)> + 59|
w k w k
0y (zqzum,m) 4Bl
w k
= Z (Z qgv('xk?w)> )
k

w

IN

if and only if the inequality in (6) holds. If on the other hand both w and
v are chosen such that the expected utility representation (6) for < is valid,
then one can find constants § and « > 0 such that v = av + 3. Indeed,
given any p € P we can define ¥(p) = (®(p) — ®(p))/(®(p) — ®(p)) € [0, 1].
Since ®(p) is a representation of the preference preordering < of P, it is by
part (i) linear. Thus

(p)@(p) + (1 = d(p))@(p) = ©(I(p)p + (1 = I(p))p)
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and necessarily p ~ J(p)p + (1 — J(p))p. Similarly, since v is part of a
representation of < in the form (6) with expected utility ¥(-) defined on P,
we must have

U(p) = YW@ (p)p+ (1 —9(p))p)
= Jp)¥(P) + (1 -9(p)¥
= 9(p) (¥(p) — ¥(p)) + ¥(p), (7)

)
so that W(p) = a®(p) + 7, with a = (¥(p) — ¥(p))/(®(p) — ®(p)) and
v = V¥(p) — ®(p)ov. Hence part (ii) of our proposition obtains by setting

B =/ u

()

REMARK Even though probably quite clear by now, it may still be useful
to clarify the relation of Proposition 3 to a representation of preferences
over the decision maker’s actions. Let ® : P — R be an expected utility
representation, i.e., for any p € P:

3 (Zps:um,w))
w k

for an appropriate state-dependent v : X x Q@ — R. Furthermore, let
¥ : A — P be a mapping from the decision maker’s action space to the
space of lotteries. This mapping is normally implied by the setup of a par-
ticular problem. Then we can express the expected utility (cf. footnote 13
on page 14) form (6) of any action a € A as

EU(a) = ®(¢(a)).

The expected utility EU(-) is unique up to a positive linear transformation.
It represents a complete preference preordering of the action set A.

4 Risk Aversion

Consider an agent with utility function v : X — R and wealth w. To
keep the discussion as simple as possible, we restrict attention to uncertain
events with monetary outcomes in a set X C R. We further assume that
u is twice differentiable and strictly increasing.'* When confronted with a
money lottery of uncertain payoff Z, his expected utility is Fu(w + Z).

Smoothness assumptions on utility functions are quite uncritical as they are hard to
refute given any finite amount of data on choice outcomes.
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Definition 2 The agent is risk averse if he dislikes any zero-mean lottery,
i.e., if for T with Ex =0 it is Eu(w + &) < u(w) for all wealth levels w.

Naturally, the agent is risk loving if he strictly prefers accepting any zero
mean lottery over doing nothing. In case of indifference for all wealth levels
the agent is risk neutral. We now provide a full characterization of risk
aversion.

Proposition 4 The agent is risk averse if and only if his utility function is
strictly concave.

Proof. Assume first that the agent is risk averse. Then for any zero-mean
random variable z and any wealth level w we have that Eu(w + Z) < u(w).
Let § = w42 and thus Eu(y) < u(Ey) which by Jensen’s inequality (cf. Ap-
pendix) implies strict concavity. Similarly, if the agent’s utility function u
is strictly concave, the converse follows immediately, again using Jensen’s
inequality. |

Clearly, a risk-averse agent is willing to pay a positive amount m in order
not to be exposed to a pure risk Z (with £z = 0). This amount is called his
risk premium m = w(u;w,Z) and can be computed as follows:

Eu(w + ) = uw(w — 7(u; w, T)), (8)

where w is the agent’s initial wealth and u his utility function (cf. Figure 4).
If the agent is risk loving, then 7 might become negative. If instead of
pure risk, the agent is exposed to a random payoff 4 = u + Z, so that
Fy = u, then the amount an agent would require to be paid in order to
make him indifferent between accepting the money lottery or taking his
wealth w for sure is called his certainty equivalent CE = CE(u;w,y). The
certainty equivalent satisfies

Bu(w +§) = u(w + CF(w; w,5)). (9)
Comparing (8) and (9) we find that w — 7 = w — u+ CE or in other words,
CE(w; w, §) = p— m(w;w + p1, ).

We would like to order utility functions in a way that leads to unambiguous
changes in the risk premium, independent of the underlying risk.!®

15T et us consider a simple numerical example to see how the algebra works: an individual
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. A
Utility
u(w+x,)
Eu(w+X)
u(w+x,)
u(w) >
X, n X, Outcome
CEy| T
7 | /l

Figure 4: Risk premium 7 and certainty equivalent CE of a money lottery
Z € {x1,x2} with EZ = p and initial wealth w.

Definition 3 Agent U with utility function u is more risk averse than agent V
with utility function v, if at any equal wealth level agent U rejects all lotteries
that V rejects.

The following statement provides necessary and sufficient conditions for
agent U to be more risk averse than agent V. Before we formulate this
proposition it is useful to define the Arrow-Pratt coefficient of absolute risk
aversion for, say, agent U:

u//(w)
u'(w)

pa(u;w) = — (10)
Proposition 5 Assume that agents U and V have the same initial wealth
w and suppose that their utility functions u and v are twice differentiable.
Then the following statements are equivalent:

of wealth w = 0 faces a money lottery g, which with equal probability of 1/2 yields
y1 =0 or y» = —16 . Preferences are represented by a utility function u(y) = /16 + y for
y > —16. The expected payoff of the lottery ¢ is u = F§ = —8 and its certainty equivalent
can be determined from (9), which gives CE(u;0,§) = —12. The pure risk associated with
the lottery ¢ is given by & = § — u. From (8) we obtain the risk premium at wealth p:
m(u; u, &) = 4. Thus, we have verified that indeed CE(u;w,y) = p — w(u;w + p, T).
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(i) Agent U is more risk averse than agent V.
(i) There is a strictly increasing concave function ¢ such that u = p o v.

(iii) Agent U’s absolute risk aversion is larger than agent V’s absolute risk
aversion, i.e., pa(u;w) > pa(v;w) for all w.

(iv) The risk premium that agent U is willing to pay exceeds the risk pre-
mium that agent V is willing to pay, i.e., w(u;w) > w(v;w) for all w.

Proof. (i)<(iv): Agent U is more risk averse than agent V if and only
if (by definition) for any random payoff § with £y = u and for any wealth
level w:

v(w+p—7(v)) = Ev(w+7) < v(w) = w(w+p—7(u)) = Bu(w+7) < u(w),

where 7(u) = 7(u; w) and 7(v) = 7(v; w) are the risk premiums for agents U
and V. This is equivalent with

p—mv) <0 = p—m(u) <0,

which is equivalent to 7(u) > m(v), as claimed. (ii)<(iii): Since any agent
prefers a higher payoff to less (u,v are strictly increasing) and given that
their utility functions are twice differentiable, there exists a twice differen-
tiable strictly increasing function ¢ : R — R, such that v = ¢ o v. Taking
the first and second derivative of u we obtain therefore v’ = ¢/(v)v" and
u” = ¢"(v)(v')? + ¢'(v)v”. Dividing the expression for u” by u’ and using
the expression for v’ we obtain

or by introducing the definition of the Arrow-Pratt coefficient of absolute
risk aversion,
" (v)

o' ("

so that pa(u;w) < pa(v;w) if and only if ¢”(v(w)) < 0. (ii)=(iv): There is
a strictly increasing and concave function ¢ : R — R such that u = ¢ o v.
Thus, for any wealth level w and random payoff § with Fg = p we have
Eu(w+y) = u(w+p—7(u)) = p(v(w+p—m(u)). Using Jensen’s inequality,
since ¢ is concave: u(w + p — 7(u)) = Ep(v(w + 7)) < ¢(BEv(w + 7)) =

pa(u;w) = pa(viw) —
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ew(w+p—mw))) =u(w—+p—m7(v)). As a result, 7(u) > m(v). (ii)<=(iv):
By definition of the risk premium, Ev(w 4+ §) = v(w + p — 7w(v)). Thus
o(Ev(w+7)) = u(w+p—m(v)). On the other hand, Fo(v(w+7)) = u(w+
p— m(u)). Since by assumption m(u) > 7(v), we have that Ep(v(w + 7)) <
@(Ev(w+7)). Thus, by Jensen’s inequality (since § and w are arbitrary) ¢
is a concave function. This concludes the proof of the proposition. |

REMARK The coefficient of relative risk aversion is defined as
pr(u;w) = wpa(u;w). (11)

A family of functions with constant absolute risk aversion (CARA) can be
derived by solving the homogenous ordinary differential equation u” — pu’ =
0 for any real constant p. One obtains (up to a positive linear transforma-
tion) a representation of CARA functions (with p4 = p):

u(w) = — exp(—pw).

Similarly one can derive all (CRRA) functions with constant relative risk
aversion pr = p:

u(w) = { w'=P/(1—p), if p#1,

| In(w), otherwise.

5 Stochastic Dominance

It is now our goal to order risks in a way that leads to unambiguous changes
in the risk premium!® for a class I/ of utility functions u. Given two random
variables Z and g it is 7(u, ) > 7w(u, y) for all w € U, if and only if

Bu(z) < Eu(j) Yuel. (12)

Definition 4 If (12) holds, the risk § is said to stochastically dominate
T with respect to U, denoted by & =y y. Necessary and sufficient condi-
tions on & and gy for (12) to hold are called a stochastic dominance order
(representation) relative to U.

Note that for 4/’ C U the stochastic dominance order will be weaker, as
it has to characterize (12) for less functions. There are two sets of utility
functions that are of particular practical interest:

Without loss of generality we assume that wealth w is equal to zero, and we omit it
in most of this section.
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1. The stochastic dominance order relative to all increasing functions (the
set Uy) is called first-order stochastic dominance.

2. The stochastic dominance order relative to all increasing and concave
functions (the set Us) is called second-order stochastic dominance.

In addition to these two widely used stochastic orders, we will consider cen-
tral dominance in Section 5.3, which proves useful in certain applications. In
order to construct stochastic dominance orders, let us first reformulate (12)
by representing the set U in terms of convex combinations of functions from
a simpler set, B C U.

Definition 5 Let B = {b(-,0) : 0 € ©} C U, where © is a compact index set.
If for any u € U there exists an increasing measurable function H : © — Ry
and real constants a, 5 with > 0 such that

u(-) = a+ 5/@17(-, 0)dH (0), (13)

then B is called a basis of U. If H is nonnegative and satisfies the normal-
1zation condition

/ dH(6) =1, (14)
©
it is called the transform of u with respect to B.

Note that given any particular v € U if (14) holds, we can interpret H,
its transform with respect to B, as a cumulative distribution function of a
random variable § that assumes values in ©. Then, relation (13) is equivalent

to u(-) = Eb(-,0). We will now see that using a basis of U it is possible to
considerably simplify (12).

Proposition 6 If B is a basis of U, then (12) can be rewritten as
Eb(z,0) < Eb(g,0) V0 € ©. (15)

Proof. The proof is almost trivial. Let B be a basis of Y. (12)=-(15):
Since for all § € © we have that b(-,0) € U, relation (12) implies that
Eb(%,0) < Eb(g,0) for all 0 € © (15)=(12): Since any u € U can be

represented as u(-) = Eb(-, ) for some increasing measurable function H (),
relation (12) follows immediately from (15) by convex combination. [
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5.1 First-Order Stochastic Dominance

Let Uy = {u:x <y = u(x) <u(y)} be the set of all increasing utility func-
tions, u : [a, b] — R for some real constants a < b. We would like to construct
a stochastic dominance order =i, so that £ <; 7 is equivalent to (12) for
U =U;. If we let © = [a, b], then the set of step functions

B = {b(,@) eU : b(a?,e) = 1{;,329},0 S [a, b]}

is a basis of U;, which can be readily verified. Indeed, for H(6) = u(0),
a =u(a) and B = 1 we have!”

T b
u(r) = u(a) + / du(f) = o + B/ b(x,0)dH ().

By Proposition 6 and linearity of the expectation operator we find that
relation (12) with U = U; is equivalent to Elz>4) < Elg;sgy for all 0 € O,
which in turn is equivalent to

F(9) > G(6) Yoeo, (16)

where F is the cdf of Z and G the cdf of . Condition (16) thus characterizes
first-order stochastic dominance: Z =<; g if and only if (16) holds.

MPR and MLR Stochastic Orders. A sufficient condition for first-
order stochastic dominance is that the probability ratio () = Prob(z <
0)/Prob(y < 0) = F(0)/G() is monotonically decreasing in #. The stochas-
tic order <ypg is generally referred to as monotone probability ratio (MPR)
order. Similarly, if the likelihood ratio £(6) = F'(0)/G'(0) is decreasing in 6,
then this is sufficient for first-order dominance. The implied stochastic order
=wmpr 18 the monotone likelihood ratio (MLR) order. It turns out (cf. Gol-
lier (2001, pp. 102-104) or Athey (2002)) that <\pgr is weaker than <yyx;
in other words: T =yir ¥ = T =wmpr ¥-

5.2 Second-Order Stochastic Dominance

Let Us = Uy N {u: tu(y) + (1 — t)u(z) < wu(ty + (1 —t)x),t € [0,1]} be the
set of all increasing and concave utility functions, u : [a,b] — R. We would

'"We assume here for convenience that u(b) > u(a). If u(b) = u(a), then the function
u € U is necessarily constant on [a, b] and relation (13) holds trivially. Note also that any
monotone function defined on a compact set is measurable.
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Figure 5: FOSD condition (16) and SOSD condition (18) for comparing two
risks Z ~ F and § ~ G, so that £ < g and Z <3 ¢ respectively.

like to construct a stochastic dominance ordering <3, so that T =<9 g is
equivalent to (12) for U = Us. We first show that

By ={b(-,0) € U : b(x,0) = min{z,0},0 € [a,b]}

is a basis of Us by constructing appropriate functions H(6). Let «, 8 be real
constants with 8 > 0. To get an idea about what requirement appropriate
H function needs to satisfy for a given w € Us, let us first assume that we
have already found such a function. Relation (13) can — using integration
by parts — be written as

b b
u(x) = a+[3/ b(x,0)dH (6) :a+[3/ min{x,0}dH (0)

= a+8 (q:H(b) —aH(a) - / ’ H(G)d9> :

for all admissible z, so that!'8

Note that the last relation implies that u/(b) = 0, which is not a requirement
of being a member of the set Us. Since the set of twice differentiable concave
increasing functions is dense in Us it seems reasonable, based on the previous
derivations to require that

H'(0) = —u"(0),

8Note that u € Us is as a convex function differentiable almost everywhere.

24



A

=
<!

Probability

1 2 3 4

Figure 6: FOSD and SOSD shifts for random variables z, ¢, Z on a discrete
support {1,2,3,4}, so that & <9 § <1 Z. Note that £ ~1 § and = < Z.

for such functions (in particular, H should be differentiable then). Integrat-
ing the last relation on both sides on [a, x], we obtain that

H(z) =/(a) — /' (2), (17)

where we have set H(a) = 0 without loss of generality. The reader is urged to
verify using (13) that (17) (together with & = —(au/(a) + u(a)) and g = 1)
is indeed an appropriate choice of H for any v € Us. By Proposition 6
relation (12) is therefore equivalent to

E [min{Z,0}] < E [min{g,0}] V0 € ©.

In other words,

0 0
/ F(a:)d:nZ/ G(y)dy V0 € [a,b], (18)

where F' and G are the cumulative distribution functions for £ and ¢ respec-
tively. Condition (18) defines second-order stochastic dominance: & <3 g if
and only if (18) is satisfied.!® If E[§j — 7] = 0, then a second-order stochas-
tically dominated deterioration of risk is referred to as a mean-preserving
spread.

REMARK Rothschild and Stiglitz (1970) show that a mean-preserving spread

“Note that since the identity function u(xz) = x is in Us, the relation & <2 § means
that the expected difference E[§ — Z] is nonnegative, as a direct consequence of (12).
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is equivalent to the addition of independent white noise €, so that
T=y+E€ (19)

with E'[€]g] = 0. Using Jensen’s inequality and the law of iterated expecta-
tions, sufficiency of (19) for (12) can be readily established:

Eu(z) = Bu(y + &) = E[E[u(g + )[gl] < E [u(y + E[E|g])] = Eu(y).

Rothschild and Stiglitz also establish necessity in their seminal paper.

First-order stochastic dominance (FOSD) implies second-order stochastic
dominance (SOSD), since condition (16) is more restrictive than (18). Fig-
ure 5 illustrates the two conditions next to each other. The intuitive dif-
ference between FOSD shifts and SOSD shifts can be easily grasped by
looking at random variables on a discrete support. Figure 6 provides such
an example.

5.3 Central Dominance

Consider the portfolio problem discussed earlier, whereby we assume that
the investor is risk averse, so that by Proposition 4 his utility function is
strictly concave. The first-order necessary optimality condition for an inte-
rior maximum of the expected utility with respect to the investment action a
is

EU'(a) = Efv/(w + aF) = 0. (20)

The interesting question is, what shifts in the distribution of returns would
prompt the investor to increase his optimal investment? To describe such
shifts let us fix a € (0, 1) such that (20) holds and let & = a7 be the outcome
distribution associated with this action.

Definition 6 The random variable T is centrally dominated by the random
variable § at w, if

Eiv(w+2)=0 = Egu'(w+7) >0, (21)
for alluw e Us.

It is clear that if § centrally dominates & at w, then the investor would
increase her investment action a > 0 as the distribution of returns shifts
from Z/a to §/a. We will characterize central dominance in the next section
using the diffidence theorem (cf. Example 4 on page 29).
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6 Comparative Statics under Uncertainty

The term “comparative statics” refers to the practice of determining the
impact of parameter changes in models. Analyzing the comparative statics
for your model typically yields some of the main insights for your applied
research paper. Note that it is often possible to make statements about com-
parative statics without being able to actually solve the underlying model
explicitly.

6.1 The Diffidence Theorem

Consider first the simple case of a model parameter o that can take only
two values, a € {aq,a2}. Let ¢(Z; ) be some function of interest in your
model (e.g., a firm’s profit) that depends on a random outcome & and the
exogenous parameter «. For simplicity, let us write f(-) = ¢(-; 1) and
9() = ¢(-; 2) and assume that f and g are measurable functions. We are
interested in necessary and sufficient conditions on f, g which guarantee that

Ef(z) > Eg(%), (22)

for any & with support in the compact interval [a, b] (to keep technicalities
to a minimum). Since (22) needs to hold for all degenerate random variables
Z = x € [a,b] a necessary condition is that

f(z) = g(z), (23)

for all x € [a,b]. On the other hand, the last condition is also sufficient,
since (23) directly implies (22) for any  with support in [a,b]. Thus, (22)
and (23) are equivalent.

Let us now consider the somewhat more interesting case, where a little more
is known about your model. For instance, a firm’s expected profit might be
zero when o = oy for some randomly distributed outcome, i.e., Ef(z) =0
for a particular Z with support in [a,b]. With this additional structure in
hands, inequality (22) is weakened to

Vi: Ef(¥)=0 = Eg(i) <0. (24)

We can expect that a necessary and sufficient condition for (24) will be
weaker than (23), since it only has to hold for random variables Z that
satisfy the additional zero-expected-profit condition. It turns out that quite
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a few problems can be rewritten in the form (24) so that a characterization of
this relation is of great interest. The following theorem (due to unpublished
work by Gollier and Kimball (1997)) provides such a characterization.?”

Proposition 7 (Diffidence Theorem) Let f,g : R — R be measurable
functions. The following two statements are equivalent. (i) For any real
random wvariable T on a support in [a,b]: Ef(z) = 0 = FEg(z) < 0.
(ii) There exists a real constant X\ such that g(x) < Af(z) for almost all
x € [a,b)].

Proof. The proof given here is somewhat informal: cf. Gollier (2001,
pp. 82-86) for details. Let us first assume that there is a pdf h(-) of z,
defined on [a, b]. By definition, h > 0 and

/b h(z)dz = 1. (25)

The condition Ef(Z) = 0 can be written as

b
/ f(z)h(x)dx = 0. (26)

Thus for any given f, g relation (24) holds if and only if

b
sup [ (g(a) = Af(a) = ) h(w)dz + < 0 (27)
h(:) Ja

for some constants A and pu, subject to (25)-(26). The last inequality has
been obtained from the condition F¢(Z) < 0 by adding the constraints (25)—
(26) multiplied by u and A respectively. Given that h > 0 and (25) holds, a
sufficient condition for (27) is

g9(x) = Af(z) <0

for almost all z € [a,b] and some A (which needs to be nonnegative, since
fyg > 0). The last condition is also necessary, for if there is no A such that
g(x) < Af(z) on [a,b] (almost everywhere), then the LHS in (27) becomes

20This theorem is somewhat related to hyperplane separation theorems in Hilbert
spaces. For details on such separation theorems, see for instance Aubin (1998, pp. 27-34),
Berge (1963, pp. 154-157, pp. 162-167) or more specifically Jewitt (1986). Its peculiar
name is related to the concept of “diffidence” which we introduce on page 29.
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positive even though the random variable Z satisfies (26). |

An agent of initial wealth w and utility function u dislikes any zero-mean
lottery if and only if

Et =0 = Fu(w+7Z) < u(w). (28)

If the last condition holds for all wealth levels w, then by Definition 2 we
obtain (weak) risk aversion, which by Proposition 4 is equivalent to u being
concave.?! If (28) only holds for certain wealth levels, then concavity of u
(i.e., risk aversion) is too strong a condition and it is appropriate to introduce
the concept of diffidence to characterize this weaker notion of local aversion
to zero-mean lotteries.

Definition 7 The agent is diffident at wealth w if (28) holds.

If u is differentiable at w, then diffidence at that wealth level corresponds
to local concavity of « in that point.

Example 4 As a first application of the diffidence theorem, let us charac-
terize central dominance introduced in Section 5.3. Using the basis By for
Us as before in Section 5.2 we know that any u € Us can be represented as
expectation,

b b b
u(z) = / bz, 0)dH (0) = / +dH(6) + / min{z, 0}dH (),

given a suitable cdf H over the basis functions b(-,0) € By, 6 € [6,0] = ©.
Thus,

u(z) =1+ Li,<iy

Let f(0) = EZ (1+ 1gyts<¢y) and g(0) = —E7 (1 + 1g4g<p}), so that we
can rewrite (21) in the familiar form

Ef(f)=0 = Eg(f) <O0.

Assuming without loss of generality that a < §—w < —w < b, Proposition 7
then yields: Z centrally dominates § at w, if and only if there exists a
constant A such that

/a ’ ydG(y) + Ej > A < /a ’ zdF () + E:c> (29)

2Naturally we need to replace all strict inequalities in Definition 2 and Proposition 4
by weak inequalities.
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for all ¥ € [ —w,0 — w]. For pure risks with £Z = E§ = 0 this condition
simplifies to

9 9
/ ydG(y) > )\/ xdF (x) (30)
for all ¥ € © — w. O

Other applications of the diffidence theorem are given in the appendix (al-
ternative proof of Jensen’s inequality) and Problem 6.

6.2 Monotone Comparative Statics

Let us now consider a parameter set 7 C R and let us examine changes of
maximizers

a(t) = argmax p(a;t), (31)
acA

where the objective function ¢ : A x T — R is here assumed to be at
twice continuously differentiable for simplicity.?? In addition, let the finite-
dimensional action set A be nonempty, compact and convex. We say that
the optimization problem (31) exhibits monotone comparative statics, if
a(t) is monotonically increasing on the parameter set 7. The following

proposition?® guarantees smoothness properties of the maximizer a(t).

Proposition 8 (Maximum Theorem; Berge, 1963) If p(-;t) is contin-
wous for any t € T, then: (i) a(t) is compact-valued and upper hemicontin-
uous (uhc) on T. (i) o(a(t);t) is continuous on T.

Proof. See Berge (1963, pp. 115-117).

We thereby say that a (set-valued) mapping a(t) is upper hemicontinuous at
a point tg € T, if for each open set S D a(tp) there exists a neighborhood
U(to) such that: t € U(ty) = a(t) C S. The mapping a(t) is uhc on the
open set T if it is uhc at every point of 7. If a(t) is single-valued, then

22The smoothness assumptions are not necessary in the least for the main results to
hold. Since main insights are based on lattice-theory everything carries over to discrete
optimization, which — however — is beyond the scope of this course.

#3The maximum theorem is due to Berge (1963, p. 116) and it is very important to keep
it in mind when solving optimization problems. All conclusions (i.e., uhc of maximizer
and continuity of ¢(a(t);t)) still hold if in addition to the version stated here we let the
action set A(t) # () depend on the parameter ¢ as well. The set-valued map A : T — P(A)
then needs to be continuous in the topological sense (i.e., pre-image of every open set is
open).
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uhc is nothing else than continuity. At points of indifference, where a(t) is
set valued, the maximized function ¢(a(t),t) is also continuous, whereas the
maximizer might “step over” intermittently without ever really “jumping.”
The following example clarifies the implications of the maximum theorem.

Example 5 Consider a portfolio problem with ex-post payment under lim-
ited liability. You can imagine a situation in which an investor (of initial
wealth w) has to pay a pre-agreed price p > 0 after an uncertain return
7 has realized. The investor signed this ex-post payment contract in or-
der to take part in this unique investment opportunity. The question is,
how does his optimal investment action a(p) change as the ex-post price p
increases. To make things concrete, assume that 7 € {—1, p} with equal
probability on the outcomes r = —1 (lose all invested money) and r = p > 1
(note that the expected value of the investment opportunity is positive).
Let w > (Inp)/(1 + p) for simplicity and let the investor’s utility for money
be CARA (cf. page 21), such that for any monetary outcome x his utility is
given by u(x) = —exp(—x). Thus, for any price p the investor solves

a(p) € arg max Fu([w—p+ar]y),
acl0,w]
provided that it is small enough so that the expected utility of the investment
opportunity is at least u(w). Assume that p < w, then we can rewrite the
investor’s problem,

R . Inp
e ( —[w—p—a]+ —(w—p+ap)> C { ’ }
a(p) € arg &gaﬁ] e +e 1+, w

The investor is indifferent between the interior maximizer a’ = (In p)/(1+p)
and “going for broke” (i.e., investing everything, a = w), if and only if

so that the solution to the investor’s maximization problem (provided he
accepts the contract) can be written as

_f (np)/(1+p), if p < po,
alp) _{ w, if p > po,

where ) )
po=w —In (pfm +p e — 67“’”) .
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Note that a(p) is piecewise constant and single-valued for all admissible
p # po- At p = pp the investor is indifferent (a(pg) contains two elements)
and “smoothly steps over” from one maximizer to the other (cf. Figure 7).
The maximized expected utility Eu([w—p+a(p)7]|4) is therefore continuous
in p as asserted by Berge’s maximum theorem. Il

Monotone Comparative Statics Under Certainty. Necessary and suf-
ficient conditions on ¢ so that a(t) exhibits monotone comparative statics
(MCS) have been provided by Milgrom and Shannon (1994). Before con-
sidering their result, let us briefly examine the implicit function approach
that can be used if the maximand is sufficiently smooth (twice continuously
differentiable) in its arguments and the maximizer is single-valued. The
first-order necessary optimality condition for (31) is

Pa(a(t);t) =0, (32)
for all t € T, so that by differentiating with respect to ¢t we obtain that

0= &

provided that ¢.q # 0. If ¢ is strictly concave in a, then a necessary and
sufficient condition for a(t) to exhibit MCS is that

Pat(a(t);t) = 0. (34)

The last condition appears in many economic papers, although it does re-
quire the rather strong assumption that ¢ be concave. The beauty of Mil-
grom and Shannon’s result is that it does not depend on such assumptions
at all! All that matters for MCS is a weak complementarity property be-
tween the arguments of the objective function, typically referred to as single-
crossing property or more generally as quasi-supermodularity.

Before we report the full characterization of MCS under certainty, let us
formulate and prove a simpler (here only one-dimensional result) due to
Topkis (1968, p. 55). This result uses the concept of increasing differences,
which can be readily interpreted in terms of complementarity.

Definition 8 The function ¢ : A x T — R has increasing differences in
(a,), if for any (a,0) > (a,1): (@, 1) — p(a,8) = p(a ) — la,b).
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Figure 7: Maximizer a(p) and maximized objective function ¢(a(p),p) =
Eu([w —p+ a(p)7]+) in Example 5.
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The fact that the objective function has increasing differences means that
the incremental gain from choosing a over a increases in ¢t. Similarly, the
incremental gain from having a high parameter f instead of ¢ increases in
the decision maker’s action, since ¢(a,t) — p(a,t) > ¢(a,t) — p(a,t) by
symmetry of Definition 8. Note that the sets A and T do merely have to be
(partially) ordered for increasing differences to make sense; they could be
discrete for instance. It is clear that if ¢ is twice continuously differentiable
that ¢ has increasing differences if and only if @4 > 0. The property of
increasing differences is thus directly related to MCS by (34), as will become
clear with the following result.

Proposition 9 (Topkis, 1968) Let ¢ : AXT — R have increasing differ-
ences and be upper semicontinuous in a. Then a(t) exists for allt € T and
possesses a smallest element a(t) and a largest element a(t). Furthermore,
a(t) and a(t) are increasing in t.

Proof. Given a particular t € 7T, select an increasing sequence
(ak(1))32, C a(t) with a**? > ak. Define @ = limy_,o, a®, which is finite
for A is bounded. Since ¢ is upper semicontinuous at a, for any € > 0 there
exists a neighborhood U(a) such that: a € U(a) = ¢(a;t) < p(a;t) + €.
Hence, there is a K > 0 such that for all & > K: o € U(a) and thus
o(ak;t) < p(a;t) +e. Thus, for any a € A: p(a®,t) > ¢(a,t) = ¢(a,t) >
o(a,t). (If p(a,t) < ¢(a,t) then just select € > 0 small enough, so that
necessarily op(a®,t) < ¢(a,t) for all k > K(g).) Hence a(t) € a(t), i.e.,
a(t) is indeed a maximizer. The proof proceeds analogously to show that
a(t) € a(t). We will now show the monotonicity of a(t). For this, let £ > ¢
and a € a(t), @ € a(f). Then p(a;t) — ¢(min{a,a};t) > 0, since a € a(t).
If a < a, then the LHS of the last inequality is in fact zero. If on the other
hand a > a, then the inequality becomes ¢(a;t) — p(a;t) > 0. As a re-
sult of both of these cases: ¢(max{a,a};t) — ¢(a;t) > 0 and thus by the
increasing-differences property of ¢:

p(max{a,a};t) — (a;1) > p(max{a,a};t) — p(a;t) > 0.

We have therefore shown that max{a,a} maximizes ¢(-;%). If we now set
a = a(t) and @ = a(t), then a(f) > a(t). One can conclude in a similar
manner that c_z(f) > a(t), which concludes the proof. [ ]

Note that for Proposition 9 to hold, in addition to A being compact the sets
A and T merely have to be partially ordered. The following results based on
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the concept of (quasi-)supermodularity are technically more involved as they
use lattice-theoretic methods, which are beyond the scope of this course. For
more details, see Topkis (1998, Chapter 2).

Definition 9 Let g : T — R and T C R. (i) g satisfies single-crossing
in ¢t (SC1), if there exists to € T such that (t —t0)(g(t) — g(to)) > 0 for all
teT. (ii) Let A C R", where A = Ay x --- X A, with A, C R for all
k=1,....,n. The function ¢ : A x T — R satisfies single-crossing in (a,t)
(SC2), if for all ag > ar: g(t) = p(am;t) —¢(ar;t) satisfies SC1. (iii) The
function h : A — R is quasi-supermodular if it is SC2 in (ay,a;) for all
k,je{l,...,n} withk #j.

A function is quasi-supermodular if it satisfies a single-crossing property
(SC2) in all possible variable pairs. The following result completely charac-
terizes MCS.

Proposition 10 (MCS; Milgrom and Shannon, 1994) Let A C R" be
a product set as in Definition 9 (ii). The maximizer a(t) in (31) is increasing
if and only if the objective function ¢ : A X T — R is quasi-supermodular.

Proof. See Milgrom and Shannon (1994).

Since it is in most situations not that easy to verify quasi-supermodularity,
we are interested in simpler sufficient conditions for MCS. A property that
can be checked more easily is supermodularity. Its definition is most natural
using the V (“join”) and A (“meet”) operators. For any two vectors x,y € R"
and function h : R” — R we define x Vy =inf {z € R” : 2 > z and z > y}
and x Ay =sup{z € R": 2z <z and z < y}.

Definition 10 Let h : R® — R. (i) The function h is supermodular,?* if
for any x,y € R": h(z Vy)+ h(x ANy) > h(zx) + h(y). (i) If h > 0 the
function h is log-supermodular, if logh is supermodular,®® i.e., if for any
z,y € R™: h(x Vy)h(z Ay) > h(x)h(y).

If h is twice continuously differentiable, then h is supermodular if and only if
all cross-partial derivatives (with respect to different variables) are nonneg-
ative. For n = 2, supermodularity and the increasing-differences property

24The function h is submodular, if the inequality is reversed. If h is both supermodular
and submodular, it is called a valuation.
Z5For the definition to make sense, it is enough that h > 0 and the inequality is satisfied.
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in Definition 8 are equivalent.

Monotone Comparative Statics Under Uncertainty. Let us now focus
on the situation, when the decision maker’s objective function ¢ : AXT — R
can be formulated as expected utility, in the form (cf. (1) on page 3)

ola:t) = BU(ast) = /Q w(a, @) f(w; )dw, (35)

where u is a utility function representation of the decision maker’s von
Neumann-Morgenstern preferences and f : Q x T — R is a (parametrized)
pdf.26 We know by Proposition 10 that the maximizer a(t) in (31) exhibits
MCS if and only if ¢ is quasi-supermodular. Athey (2002) provides nec-
essary and sufficient conditions for the primitives u and f in (35) so that
¢ becomes quasi-supermodular. We focus on sufficient conditions, as the
necessary conditions (based on the construction of appropriate indicator
functions) is not easy to operationalize for any given model.

Proposition 11 (MCS Under Uncertainty; Athey, 2002) Let the de-
cision maker’s objective function ¢ : A X T — R be represented in the
form (85). Then each of the following conditions is sufficient for the maz-
imizer a(t) in (31) to exhibit MCS: (i) u > 0 is log-supermodular and f is
log-supermodular. (ii) u satisfies SC2 and f is log-supermodular.

Proof. See Athey (2002): in particular Lemmas 4,5 and Theorems 1,2.

7 Notes

There are a number of criticisms related to the expected utility paradigm.
Those criticisms, such as the framing effect, the Ellsberg and Allais para-
doxes, endowment effect to mention a few are often founded on quite robust
empirical evidence. The edited volume by Kahneman and Tversky (2000)
provides an excellent introduction to the field of “behavioral economics.”
There is currently substantial research activity in this area, especially in

#Note that the representation (35) does not cover the more general case (3) under
decomposable consequences (on page 4). The reason is that the action a in (35) does not
enter the pdf directly. Nevertheless, sometimes it is possible to still use Athey’s results
such as in Example 5 (cf. Problem 8) for instance.
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providing rational foundations for empirical observations by formally inte-
grating decision biases into choice models. The second half of these notes
owes a lot to Pratt (1964) and Gollier (2001). For a more detailed treatment
of stochastic orders, see Shaked and Shantikumar (1994) or more recently
Miiller and Stoyan (2002). Topkis (1998) is an excellent resource for details
on MCS; there is also an unfinished (and unpublished) research monograph
by Athey, Milgrom, and Roberts that can currently be downloaded from
Susan Athey’s Stanford homepage.

8 Problems

Problem 1 (Optimization Practice) (i) Carefully characterize optimal
actions for the decision problems outlined in Example 1 and Example 2.
Justify any simplifying assumptions you need to make in order to arrive at
such representations. (ii) [Sensitivity Analysis| Can you make statements
about how optimal actions change if problem parameters shift?

Problem 2 (Utility Representation) Mr. A is not only interested in his
own wealth, w4, but also in Ms. B’s wealth, wg. Mr. A always strictly
prefers more collective wealth, w4 +wp to less. In choices that are invariant
in collective wealth, he strictly prefers more equitable allocations of wealth
between Mr. A and Ms. B. Try to find a utility-representation of Mr. A’s
preferences. (i) Assume that both Mr. A’s and Ms. B’s potential wealth lie
in the bounded interval [0, w] for some positive w < oo. Suppose further
that there exists a smallest finite money increment € > 0 between two dif-
ferent wealth levels (e.g., € = 1 cent). Is it possible to represent Mr. A’s
utility function? Why or why not? If yes, provide an explicit expression for
u(wa,wp) — is it unique? (ii) Let w — oo and/or € — 0+. Is it possible
to represent Mr. A’s utility function? Why or why not? If yes, provide
an explicit expression for u(w4,wp) — is it unique? (iii) How would you
describe the effect of finiteness comparing (i) and (ii)?

Problem 3 (Machina Triangle) Consider a money lottery & € X, which
can have three real-valued outcomes, X = {x1,z2,x3} with z; < zo < x3.
Let p; be the probability of outcome z;. Since ps = 1 — p; — pa, each lottery
can be described completely by the tuple p = (p1, p2). The set of all admissi-
ble tuples P = {(p1,p2) € R% : p1+p2 < 1} is called the “Machina triangle.”
The lottery p = (.2, .4) is thus a point in the Machina triangle. (i) Mark the
set £; of all lotteries that first-order stochastically dominate p. (ii) Mark the
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set Lo of all lotteries that second-order stochastically dominate p. (iii) Mark
the set of all lotteries Lypr that dominate p in the sense of the monotone-
probability-ratio stochastic order. (iv) Mark the set Ly x of all lotteries
that stochastically dominate p in the sense of the monotone-likelihood-ratio
stochastic order. (v) Examine and prove all possible inclusion relationships
between the different sets £1, Lo, Lypr, and Lyrr (e.g., L1 € L2). (vi) Let
u be a utility-representation of a decision maker’s preferences, which satisfy
the von Neumann-Morgenstern axioms. What does the set Ly of all lotteries
that provide the same expected utility to the decision maker as p look like?
Describe Ly in general and draw it for a numerical example (i.e., specific
values for u(z;), i = 1,2, 3) that you make up.

Problem 4 (Third-Order Stochastic Dominance) Let
Us = {u e C3a,b] - v <0<, u"}

for some real constants a < b. (i) Show that Us is convex and find an
appropriate basis Bs. (ii) Establish the corresponding stochastic dominance
order, <3. (iii) Mark the set L3 of all lotteries that third-order stochastically
dominate p in Problem 3. [Hint: for a classical treatment of third-order
stochastic dominance, see Whitmore’s original 1970 paper.]

Problem 5 (Value of a Call Option) A risk-neutral agent owns a Eu-
ropean call option on an asset. The value of the underlying asset at the
exercise date is described by a random variable Z that takes values in [a, ).
The strike price of the option is given and equal to y. (i) Show that the agent
prefers an increase in risk in the value of the underlying asset. (ii) What
happens if the agent owns more than one call option on the same asset with
different exercise prices?

Problem 6 (Covariance Rule) Let f: R — R be an increasing differen-
tiable function (such that f’ > 0). Let & be an arbitrary random variable.
(i) Show that Ef(Z)g(z) < Ef(Z)Eg(Z) if and only if the differentiable func-
tion g : R — R is decreasing (i.e., ¢’ <0). (ii) If Ef(Z) = x¢ (for otherwise
arbitrary ), then the inequality in (i) holds if and only if there is a real
constant \(zg) such that g satisfies the following single-crossing condition

(9(z) = A(wo))(z0 — x) > 0.

This result is related to the covariance rule, cov(y,2) = Eyz — EyEZ, by
setting g = f(Z) and Z = g(g). [Hint: use the diffidence theorem.]
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Problem 7 (Risk Aversion vs. Diffidence) Consider the utility func-
tions u(z) = min{1,z} and v(x) = \/x for z > 0. (i) Is one more risk averse
than the other? (ii) Is one more diffident than the other; if yes, where?

Problem 8 (Monotone Comparative Statics) Examine the compara-
tive statics in Examples 2 and 5. In Example 5 assume that 2 = R and
that returns are distributed according to a pdf f : R — R,. Discuss this
example for a larger class of utility functions u than CARA. [Hint: it may
sometimes be useful to change variables.]
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Appendix

Let us now formulate and prove Jensen’s inequality, which has been instru-
mental in Section 4. The proof can be given as a straightforward application
of the diffidence theorem discussed in Section 6.

Proposition 12 (Jensen’s Inequality) The function u : R — R is con-
cave if and only if for any real random wvariable T with support in |a,b]:
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Proof. Let us first rewrite Jensen’s inequality in the following form:
Ei=p = FEu(Z) <u(p) (36)

for any real random variable Z (for which a finite mean p exists). Using the
diffidence theorem (Proposition 7) with f(x) = z—p and g(x) = u(x) —u(u)
implies that (36) is equivalent to

u(w) —u(p) < Mz —p)

for some constant A and all z. In other words, u(z) lies (weakly) below the
tangent u(p) + A(z — p) on w in . And since this is true for all p € [a,b],
it is equivalent to u being concave on [a, b]. |
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