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LOTTERIES ARE (DISCRETE) RANDOM VARIABLES

Let X be a random variable with possible outcomes in the set X = {x,, x,, ..., X} (the
“outcome space”). Each outcome x; occurs with probability p;.

The random variable X is sometimes also called a lottery and denoted

X =[Pg; Xq5 Pgs X3 o3 Py X,

If all outcomes x; are real and measured in dollars (or any other currency), then X is
commonly referred to as a “money lottery.”

The set of all lotteries with outcomes in X is the “lottery space” L(X).

Example: A coin-flip lottery X (with an unbiased coin) pays $1 if heads and zero if tails. Then
X =[0.5,%1; 0.5, $0].
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PREFERENCES OVER LOTTERIES: EXAMPLE

Question. Jane likes to play ping pong and she wonders about how to respond to an
opponent’s serve.

+ If she hits a top spin (decision d,), the ball is going to be on the table with
probability 0.6 and given that it is, she is going to score with probability 0.8.

+ If she does not play a top spin (decision d,), the ball is going to land on the
table with probability 0.9, but she is only going to score with probability 0.6.

What decision should she take?

Solution:
Jane needs to choose between the following two lotteries:

L, = [P(score|d,), 1 point; P(don’t score|d,), 0 points]

L, = [P(score|d,), 1 point; P(don’t score|d,), 0 points]

0.48 1 point 0.54 1 point
L, Lo

0.52 0 points 0.46 0 points

Thus, she should prefer L, (i.e., L, > L,) which implies “don’t play top spin” as her
decision.
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PREFERENCES OVER OUTCOMES
Utility Representation

Preferences over lotteries imply preferences over particular (certain) outcomes in X.
Indeed, for any x and y in X one could just consider the lotteries X and Y that
produce the outcomes x and y with probability one respectively.

Thus, x >y if the outcome x is (weakly) preferred to the outcome y.

Definition: A real-valued function u with domain X represents the DM’s preferences
over outcomes in X if for any x,y in X:

x >y if and only if u(x) > u(y).

The function u is called the DM’s utility function.

For some preferences no utility function representation exists (e.g., lexicographic
preferences). We typically take a utility function as an input for a decision model.(")
A utility function always exists for finite sets of outcomes.

A utility representation of a DM’s preferences is generally not unique: given any
utility function u and a strictly increasing function ¢ (from real numbers to real
numbers), the function v = ¢(u) is an equivalent utility representation.

(1) For more details on utility theory see Kreps, D.M. (1988) Notes on the Theory of Choice, Westview Press, Boulder, CO, or Fishburn, P.C. (1970)
Utility Theory for Decision Making, Wiley, New York, NY.
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EXPECTED UTILITY MAXIMIZATION

Given a utility representation u of the DM’s preferences over outcomes, we would
like to infer his preferences over lotteries of outcomes (random variables),

which corresponds to his preferences over actual decisions (e.g., at which
speed to drive a car).

Under certain axioms (= assumptions on the DM’s preferences over lotteries,
typically referred to as the Von Neumann-Morgenstern axioms), the DM’s

expected utility of a particular decision d in D, which induces a lottery X(d) with
probability distribution P(.|d), is

EU(X(d)) =) P(x|d)u(x)

xeX

Thus, under uncertainty the DM maximizes expected utility, i.e., he solves

d e argr}}%xEU(X(d))
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EXPECTED UTILITY MAXIMIZATION: EXAMPLE

Question. Joe needs to decide how fast to drive on highway E25 from Lausanne to
Geneva. Any minute saved he values at $1. At 120 km/h it takes about 40 min,
and at 140 km/h about 32 min. However, if he drives 140 km/h there is a chance
p that he gets pulled over and has to pay a ticket worth $280 plus a delay of 20
min (over the 120 km/h time).

Let d, : drive 120 km/h, d, : drive 140 km/h. He thus needs to choose between the
lotteries X(d,) = [1,$0] and X(d,)= [p, -$300; 1-p, $8].

01/ > o >
X(dy) X(d,)

p -$300

If Joe’s utility function for money is u(x)=-exp(-x/1000), at what detection probability p
would he be indifferent between d, and d,?

Answer:  E1/(X(d,)) = u($0) = EU(X(d,)) = pu(-$300)+ (1 - p)u(S8)
_ u($8) —u($0)
P ($8)—u(=$300)
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=2.2% (i.e., for p>2.2%, Joe drives 120 km/h!)

UTILITY FUNCTIONS: SOME COMMON SHAPES

Utility .
Risk Averse ’

Risk Seeking

v
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A SIMPLE DECISION: RISK AVERSE DM

« Payoff Utility
1
0.2 $400K +3
0.5
Invest X, $200K +2
1.4
0.3
Xs -$500K 10
(Expected Payoff: $30K)
Decision
Node
Don’t Invest

$0 - 0

Decision Criterion: Maximize Expected Utility
EU = (0.2)(3)+(0.5)(2)+(0.3)(-10) =-1.4<0 - Don’t Invest!
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A SIMPLE DECISION TREE: RISK-SEEKING DM

« Payoff Utility
1

0.2 $400K +10

0.5
Invest X, $200K +4
3.7
0.3 X
3 -$500K =
(Expected Payoff: $30K)
Decision
Node
Don’t Invest

$0 - 0

Decision Criterion: Maximize Expected Utility
EU = (0.2)(10)+(0.5)(4)+(0.3)(-1) = 3.7. Invest!
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CERTAINTY EQUIVALENT

The certainty equivalent of a lottery is a single certain outcome for which the DM is
indifferent between receiving the outcome for sure and participating in the lottery.

It represents the “selling price” of the lottery.

Denote the certainty equivalent of a lottery X by CE/( X))

Then: u(CE(X))=EU(X) (DM is indifferent)

—> CE(X)=u"(EU(X))
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CERTAINTY EQUIVALENT: EXAMPLE

Utility
Risk Averse
$10 Guaranteed ~
“)
EU(X) [----------=mm-mm e e

T

auns
-----
_______
.
e
P
Py
.

Why does this correspond
to risk aversion?

~ Alottery X =[0.5, $5; 0.5, $15] has
expected utility EU(X).

Risk
Premium
Vi .
5 4 10 15 $
(0.5) (0.5)
Certainty Equivalent Therefore, you prefer $10 guaranteed, even
of Lottery though the lottery has expectation $10.
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CERTAINTY EQUIVALENT: ANOTHER EXAMPLE

Consider the lottery X = [.25, $100; .5, $49; .25, $0] and the utility function (x) =~/x

Payoff (x) Utility u(x)
0.25
$100 10
0.50
$49 7
0.25
$0 0

Expected utility: EU(X) = (0.25)(10) + (0.5)(7) + (0.25)(0) = 6

EU(X)=u(CE)=AJCE ==> .CE=6 =—> CE=$36
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ABSOLUTE AND RELATIVE RISK AVERSION
DESCRIBE A DM’S RISK ATTITUTE

The level of risk aversion may be measured by the (Arrow-Pratt) absolute-risk-
aversion coefficient,

or the relative-risk-aversion coefficient,
r(x)=xR(x)

If R(x) > 0, the DM is risk averse. Similarly, if R(x) < 0, the DM is risk seeking,
while R(x)=0 for a risk-neutral DM.

Both absolute and relative risk aversion are local properties:
they can vary for different outcomes.
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RISK NEUTRALITY: LINEAR UTILITY

u(x)=ax u'(x)=«a u"(x)=0

10

e
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CONSTANT ABSOLUTE RISK AVERSION

Exponential utility:  1(X) = ot — e u'(x)= ppPe "

') =—pfe "

R0 =" p

| u'(x)

Exponential utility functions exhibit constant absolute risk aversion (CARA).()

(1) CARA utility functions are often used in financial modeling, since it allows obtaining conclusions free from wealth effects (adding a constant w to an individual’s
wealth just amounts to a positive linear transformation and thus leads to the same decisions, since the expected utility representation of the individual’'s preferences
does not change).
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RISKS EXISTS ALL ALONG THE VALUE CHAIN
Example: Pharmaceutical Company

¢

R&D Supply Production  Distribution Demand

i i Is
» Patents not e« Qutsourcing « Quality *Rental * Expected
granted firm goes losses increase for demand not
« FDA rejects bankrupt s Madkhiva store leases  materialized
application e Tainted down time eWarehouse e Service failure.
supply fire « Reputation dented

Human resources
& e ~JICRE 1 (P e, PR T ¢
* Defections * Shrinkage » Strikes * Labor accident * Lawsuit

- L B e & B TP Y A T, AL
_ Information systems -
b . SRA =
* Security attacks * Upgrade and compatibility risks
External forces
* Regulatory changes
* Environment noncompliance
* Aggressive new entrants
¢ Error in financial or tax reporting
Source: Lai, R. (2013) Operations Forensics, MIT Press, Cambridge, MA.
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SYSTEMATIC RISK + SPECIFIC RISK = TOTAL RISK

Definition. Systematic risk (undiversifiable risk, market risk)

Risk that is inherent to an entire market or market segment. This type of risk is
difficult to predict and cannot be diversified away by investors.

Definition. Specific risk (diversifiable risk, unsystematic risk)

This is the business-specific risk that can be diversified away, often measured by
the “beta” of a company: beta = cov(business return, market return)/var(market return)

E[business return] = risk-free return + beta x (E[market return] — risk-free return)

(Capital Asset Pricing Model (CAPM))

Business-specific risk can be process risk (= recurring) or one-off risk (= low probability,
high consequence events).

Which of these are systematic and specific depends on the situation.
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MANAGERIAL ACTION DEPENDS ON PROBABILITY AND SEVERITY
Simple 2x2 Matrix is a First Step to Classify Risks

Probability
Low High
|
Transform, Immediately
High transfer, diagnose
‘ diversify, and
insure neutralize
z
—
®
>
()
w
Accept, Monitor,
Low insure reduce
probability,
avoid

Source: Lai, R. (2013) Operations Forensics, MIT Press, Cambridge, MA.
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VALUE-AT-RISK MEASURE FOR ONE-OFF RISKS

* Let the random variable X represent the net monetary payoff for a company in a
given period (for X < 0 the company makes a loss, for X > 0 a gain).

* Let F(x) be the cumulative probability distribution function (cdf), defined for all
realizations x.

* Then z = F(v(z)) = Prob(X<v(z)) defines the value at risk v(z) (VaR) at the z
(percent)-level

Example: Let z = 5% = 0.05. G(.) : cdf for a standard normal distribution, i.e., N(0,1);
and F(.) cdf for a normal distribution with mean p and standard deviation o, i.e.,
N(u, c?).

Then: 5% = F(v(z)) = G((v(z)- p)/c) = G(-1.96).

Hence: v(z) =p-1.96 c.
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QUANTIFY LOW-PROBABILITY HIGH-SEVERITY EVENTS
Value-at-Risk Measure

The curve represents a
hypothetical Profit-and-Loss
probability density function. It has
mean one and standard deviation
one, but fatter tails than a Normal
distribution. The 5% VaR point is
1.82 standard deviations below the
mean, versus 1.64 for a Normal
distribution.

Line at -0.82 means 5%
Value-at-Risk is 0.82.

Blue area to the right
of the line represents
95% of the total area

Red area to the left of under the curve.

the line represents 5%
of the total area under
the curve.

-4 -3 -2 -1 1] 1 2 3 4 =3 53

Source: Wikipedia.
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EXAMPLE: DETERMINE VALUE AT RISK

Question. Define the value-at-risk (VaR) measure for a monopolist software vendor
who faces a random demand curve of D(p) = X - p, with zero variable cost and fixed
cost of K= $100,000, where the random variable X is distributed uniformly on the
interval [0,2000]. Determine the company's VaR at the 10-percent level.
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ANTIFRAGILITY

The fragile o

The robust can handla adversty

The annlfiragile

E Seaxe! Massim Talob, Rob Ergland, and PwC, 2013

MGT-528-Autumn-2022-TAW

-26-




ANTIFRAGILITY: THE IDEA IS SIMPLE

GainsfLosses Gains/Losses
L ] f(X)

Gain )
You are here . \—T\ Variable
\ Gain / X
l - "u’ar:fh[e Pain

Pain You are here
Positive asymmetric payoff Negative asymmetric payoff
(antifragile) (fragile)
anything that has more anything that has more
upside than downside from downside than upside from
random events (variability) random events (variability)

Source: innolution.com
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MORE ON THE SUBJECT

Nassim Nicholas JRellZ)

ANTIF

THINGS THAT GAIN J

New York Times BESTSELLER The Black Swan
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INACTION IS AN IMPORTANT CHOICE

The Economics of Inaction
Spechunzic Comtral Modeii with Fired Cosia
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EXAMPLE 1: STOCHASTIC INVENTORY CONTROL

Stock on Hand
]
)
K
1
]

R
el Q
=l = <=L =l
Inaction Inaction Inaction
Action Action Action

-31-
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EXAMPLE 2: CREDIT COLLECTIONS

“State Space”

Repayment A A
Intensity

“Inaction Region”

“Action Region”

Outstanding Balance

Source: Chehrazi, N., Glynn, P.W., Weber, T.A. (2015) “Dynamic Credit-Collections Optimization”
-32-
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EXAMPLE 2: CREDIT COLLECTIONS (Cont’d)

Intensity target when taking action

Repayment A A
Intensity

Action

Outstanding Balance
Source: Chehrazi, N., Glynn, P.W., Weber, T.A. (2015) “Dynamic Credit-Collections Optimization”
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CAN ALSO CLASSIFY RISKS BY ABILITY TO CONTROL

Unknown-unknown

A

v

Known-unknown

» Natural disasters

- Geopolitical problems
* Epidemics

« Terrorist attacks

« Environmental risks
*Volatile fuel prices

* Rising labor costs

= Currency fluctuations

» Counterfeit parts and products

+ Port delays

+ Market changes

* Supplier performance
* Forecasung accuracy

« Execution problems

Source: Simchi-Levi, D. (2010) Operations Rules, MIT Press, Cambridge, MA.
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Uncontrollable

A

e d

v

Controllable
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ABILITY TO CONTROL VS. EXPECTED IMPACT (SEVERITY)

High

Expected impact

Low

Terrorist
attacks

Government
regulations

Natural disasters

Geopalitical
problems

Environmental

-
Supplier
g

D

Volatile
fuel prices

Port delays

Rising labor

risks cogts

Currency
fluctuations

Counterfeits

Forecasting
accuracy

Execution

problerr:i/

Product-design
problems

Low

Ability to control

Source: Simchi-Levi, D. (2010) Operations Rules, MIT Press, Cambridge, MA.
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SWOT ANALYSIS
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SWOT ANALYSIS: AN EXAMPE
Renewable Energy (RE) in Hawai’i

y Weaknesses Strengths
/,/ J Remote from other places Low emission per capita ..\-
/ Isolated electric power grid Low energy consumption per capntafGDP
\ : :
' Low share of RE in consumption profile Lower energy/electricity demand growth
\ Highly oil-dependent energy system Lower emission growth /
A\
\ v
World oil price volatility Wide range of RE available
Major oil import from Middle East No energy intensive industry
High climate change vulnerability High potential for Electric Vehicles
Some national solutions(!) for Carbon Mild climate
' Threats Opportunities

Source: UHERO (Economic Research Organization at the University of Hawai'i)
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DIFFERENT TYPES OF BUSINESS RISK

Planning forecasting
RISK and reporting
TRANSFERRING Interest rate risk e RISK APPETITE
Capital risk and erganisation
Currency risk Management of Business
périomang development risk
Management skills Research and
Counterparty risk development risk
Cusiomer credit risk Technology risk
Competitor risk
MEA risk
sl Managamant
RISK s e Reputation risk
MONITORING ~ =
radit sl =l Market position
Market or finaneisl insrument S risk Availability of raw
risk. g ‘materiats and components
Financing and funding risk

Availabilty of competent
Company’s liquidity risk pEonne]
Strategic and Operating [Positical / country risk K
i Bl Authories sk IDENTIFICATION

Risk of deviation from
the process
Empioyee heaith and Logisties and
b Safaty and Procuss e transportation risk
Third party health and hazard risks Frijot imsgerat
safety risk
Travel safety Production process risk
Sustainable
Security »
RISK arrangements .
REPORTING :‘:duu modification
Security s . Defivery chain risk
rangements of
premises
Infarmation security System fault risk
Frawd \ IT support risk
Nm:lnlﬁsiﬂir X s oapork Tk
Environmental damage. Contractrisk | o
Fire Compliance competence
sk risk RISK
THERS ASSESSMENT
Source: Cargotec, 2013 Annual Report
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MANAGERIAL ACTION DEPENDS ON PROBABILITY AND SEVERITY
Simple 2x2 Matrix is a First Step to Classify Risks

Probability
Low High
Transform, Immediately
High | transfer, diagnose
diversify, and
insure neutralize
z
E
>
]
w
Accept, Maonitor,
Low insure reduce
probability,
avoid

Source: Lai, R. (2013) Operations Forensics, MIT Press, Cambridge, MA.
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PORTFOLIO OF RISKS IN (IMPACT,PROBABILITY)-SPACE

Extreme

High

2
Moderate

PROBABILITY

1 2 3 4
Limited Medium Serious Critical
IMPACT
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KEY CONCEPTS TO REMEMBER

+  Expected Utility Maximization

* Risk Aversion

*  Certainty Equivalent

* Risk Premium

* Value-at-Risk Measure

* Antifragility

* Action Region/Inaction Region

«  SWOT Analysis

* Classification of Risks (wrt Probability & Severity)
* Risk Mitigation
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