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Abstract—Medical tests are investments in information whose
value depends on the prior probability of disease, on how that
belief evolves over time, and on actions taken after evidence is
observed. Deterministic prevalence dynamics are tractable, but
policies calibrated under a single intensity can be unreliable
when epidemiological speeds are misspecified. We model belief
as evolving deterministically under an autonomous differential
equation whose drift is scaled by an unknown multiplicative
speed factor. The decision maker may wait, test at a cost, and
treat (or not treat) after outcomes, with retesting possible after
negative results. For stationary policies defined by two belief
thresholds, we obtain a closed-form expression for the expected
discounted value, yielding a fast evaluator for computing optimal
thresholds. Relative robustness is measured by a performance
ratio that compares the value of a candidate threshold pair
with the ex-post optimal value under the realized speed factor;
relatively robust thresholds maximize the worst-case ratio over
an ambiguity interval. We provide a grid-search procedure and
a numerical illustration motivated by post-exposure tuberculosis
infection screening, where timing decisions unfold over weeks to
years and intensity ambiguity is clinically consequential.

Keywords—Medical Testing, Performance Index, Relative Ro-
bustness, Robust Optimization, Screening, Value of Information

I. INTRODUCTION

Uncertainty is a central feature of the economics of health-
care [1], and screening for infectious diseases is a case in
point. A diagnostic test is useful only insofar as it changes
decisions, and the magnitude of that change depends on
the prior probability of disease and on how that probability
evolves over time with exposure, cohort conditions, and other
drivers. In practice, the mechanisms governing prevalence
accumulation are estimated with error, differ across cohorts,
and may drift over time. A purely deterministic calibration can
deliver a precise policy, but with misspecified intensity.

A standard response is to impose a fully stochastic model
and optimize expected discounted payoffs. In many screening
environments, however, the data needed to specify and validate
a stochastic structure are limited, while recommended policies
can be sensitive to distributional and horizon assumptions.
Value-of-information methods in health decision science make
this sensitivity explicit and have emphasized the option value
of delay [2]-[7]. Moreover, information acquisition is itself
a timing decision, and delaying evidence collection can be
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optimal when it is unlikely to alter the action choice. Cipriano
and Weber [8] develop this logic in a dynamic health-policy
setting, highlighting the value of timing prevalence mea-
surement. A parallel operations-research literature formulates
screening, monitoring, and treatment as sequential decision
problems (often Markovian or partially observed), and derives
structural policies such as thresholds and index rules [9]-
[12]. These contributions are typically calibrated under a
single epidemiological or clinical evolution law, which raises
a distinct question: how fragile is an exact policy when the
underlying evolution speed is misspecified?

We retain deterministic dynamics for the evolution of belief,
but treat the speed of that evolution as ambiguous, modeled
by an unknown multiplicative parameter in a compact interval.
The decision maker chooses a testing policy ex ante, while the
parameter is revealed only ex post through realized epidemio-
logical conditions. The criterion is not an absolute worst-case
payoff. Instead, we evaluate a chosen policy by a performance
ratio, defined as the realized value relative to the value that
could have been achieved under perfect information about
the realized parameter. This relative comparison implements
a robustness principle, familiar from competitive analysis in
computer science [13], [14], which has been developed for
economic decision problems under the term relative robustness
[15]. The ratio criterion is appropriate for screening because
it respects the fact that the attainable value varies with the
speed of prevalence evolution; it compares the chosen policy
with what was actually feasible in the realized environment.

II. BELIEF DYNAMICS
A. Law of Motion

Let ¢t > 0 denote elapsed time since a baseline (index)
assessment at which the initial belief b(0) = by is formed.'Let
b(t) denote the decision maker’s belief at time ¢ that an
individual is ill, conditional on the available information.
The belief can be interpreted as the prevalence in a relevant
cohort or risk stratum at time ¢. Under exchangeability, b(t)
is also the probability that a randomly selected individual
from that stratum is ill. We assume that the belief state drifts

In epidemiologic cohort designs, baseline (cohort entry) defines the start
of follow-up; in event-history/survival settings, a common time scale is time
since entry (time-on-study), though other scales such as chronological age
may be appropriate in cohort applications.



deterministically and saturates at a ceiling b € (0, 1], reflecting
the fact that not all diseases progress to full incidence.?

Assumption 1 (Monotone Drift with Ceiling). There exists
b € (0,1] such that f : [0,b] — R is continuous on [0,0],
continuously differentiable on (0,b), and

f(b) >0 forbe(0,b),

f(b) =0.
Between information arrivals, the decision maker’s belief
evolves according to

b= (140)f(b), (1)

where 6 is an unknown multiplicative parameter. In large popu-
lations, prevalence paths can be approximated by deterministic
compartmental dynamics, so treating b(t) as deterministic
should be viewed here as a reduced-form approximation rather
than as a claim that uncertainty is absent [16]-[20]. The
nominal model corresponds to # = 0. The decision maker
considers a compact ambiguity set, so

e = [91,92],
The initial belief b(0) = by € (0, b) is taken as given.

—1<6,<0<60,< 1.

Remark 1. If b < & (defined in Sec. III), then treatment based
solely on the base-rate belief b is never optimal. Testing may
still be valuable if a positive test can raise posterior belief
above &. In the numerical illustration (Sec. VII) we focus
on the empirically common case b > @, in which both direct
treatment (at high base rates) and test-triggered treatment may
arise.

Example 1. A particularly tractable mechanism is logistic
growth in the sense of Verhulst [21]. In epidemiology, the
same functional form arises from a Susceptible—Infected (SI)
mass-action term in the no-recovery case [16]-[18]. To accom-
modate the empirically common feature that not all diseases
progress to full incidence, we allow for a carrying capacity
b€ (0,1] and set

f(b) =nb(b—b), )

Then b(t) increases on (0,b) and converges to b. The mul-
tiplicative ambiguity in Eq. (1) corresponds to uncertainty in
an effective incidence or contact intensity, a natural locus of
misspecification across cohorts and environments [17], [19].

n > 0.

B. Belief Evolution

Under nominal dynamics (f = 0), the travel time from belief
b to belief b’ is given by

du

by f(w)
The multiplicative ambiguity in Eq. (1) is naturally conserved
in the general travel time.

70(b,b') = 0<b<l <b. 3)

2The time origin ¢ = 0 is an index time at which the prior by is
assessed (e.g., at presentation, symptom onset, or a reported exposure). Thus,
t measures the span since that index time; in cohort screening it may coincide
with calendar age (cf. footnote 1), but in individual diagnostic timing problems
it is more naturally “time since baseline” or “time since exposure.”

Lemma 1 (Time Scaling). Ler 79(b,b") denote the travel time
from b to V' under Eq. (1). Then

/ TO(b7 b/) / 7
To(b,b") 16 0<b<bd <b, 60O ()
Proof. Along any trajectory under Eq. (1), dt = db/((1 +
0)f(b)). Integrating from b to V' yields Eq. (4). O

Example 2. For the logistic drift in Eq. (2), one obtains the
nominal travel time

1 v/(b-V) -
b= —=In|Lt=—-2L], 0<b<b <b, (5
)= 3 (5 >
which then implies the ambiguous travel time 74 (b, b") accord-
ing to Lemma 1.

C. Discounting

All payoffs are discounted continuously at the constant rate
r > 0. Thus, waiting for the belief b > 0 to evolve to &’ € [b, b)
yields an ambiguous discount factor,

/
Lhahy):exp<—rq%?;)), 0eo.

Example 3. For logistic drift, Eqs. (5) and (6) yield the
ambiguous discount factor

(B )T
l%wm)_<yﬂn4w> , Heo,

(6)

where we have set 7 = r/(nb).

Lemma 2 (Closed-Form Flow under Logistic Drift). Sup-
pose f is logistic as in Eq. (2). Define the odds transform

Q(b) 0<b<b.

b0
Along any trajectory of Eq. (1), ) evolves exponentially:

Qb(t)) = Qbo) exp((1 +O)nbt), t>0. (7
Equivalently, the belief path admits the closed form
bQ(b 1+ 6)nbt
(1) = (bo) exp((1 + 0)nbt) )

14+ Q(by) exp((1+6)nbt)’

Proof. For logistic f, one has b= (1+0)nb(b— b). A direct
calculation gives 2 = bb/(b — b)? = (1 + 0)nb 2, which
implies Eq. (7) and therefore also Eq. (8). O
III. TEST TECHNOLOGY AND TREATMENT PAYOFF

A. Binary Test and Bayesian Updating

A binary diagnostic test yields outcome S (positive) or S
(negative). Sensitivity and specificity satisfy ¢1,q2 € (1/2,1):

P(S|X)=q, P(S|X)=q,

where X denotes illness and X health. A test costs C > 0
each time it is administered. Moreover, given a current belief
b, the probability of a positive outcome is

£(b) = qib+ (1 — g2)(1 = b).



Bayes’ rule yields the posterior after a positive test,

kb q1
b) = ——— = 1
p(b) oy “Tiog b
and after a negative test,
(1/v)b q2
b)y= ——-—"——— = 1.
O =T e Vi

For b € (0,1), it is n(b) < b < p(b).

B. Treatment Payoff and the Option Not to Treat

Let B > 0 denote the net benefit from treating an ill
individual and let H > 0 denote the net harm from treating a
healthy individual, where both include treatment cost. Treating
at belief b yields the expected net payoff

Ub)y=Bb—H(1-b)=(B+H)b— H.
Not treating yields payoff 0. Hence the stopping payoff is
S(b) = max{0,U(b)}.
This induces the treatment-indifference threshold
H

B+H
IV. STATIONARY THRESHOLD POLICIES

a =

€ (0,1).

A. Policy Class and Separation

Under the infinite-horizon specification, the value function
depends only on the current belief and on 6. We focus on
stationary two-threshold policies parameterized by (53, ).

Definition 1 (Two-Threshold Policy). Given (3,~) with 0 <
B <~ <1, the policy is: (i) wait if b < B; (ii) test if B < b <
v, (iii) treat if b > ~y. After a negative outcome at belief b, the
policy waits until the belief reaches 3 and then retests. After
a positive outcome at belief b, the policy treats immediately
(and, as always, may opt not to treat if the induced payoff is
nonpositive).

To maintain internal consistency, we restrict attention to
threshold pairs for which positive outcomes jump into the treat
region and negative outcomes jump into the wait region.

Assumption 2 (Separation). n(y) < 8 <~ < p(5).

Once a solution has been determined, this assumption can
be verified ex post.

B. Expected Value of Two-Threshold Policy

Let V(bo;3,7]0) denote the expected discounted payoff
generated by the policy (f,+) starting from belief by. Define

Proposition 1 (Expected Value under (5,v)). Fix 6§ € ©
and (B,~) satisfying Assumption 2 with v > &. Let V3([3,7|0)
denote the continuation value when belief equals 3 under the
policy. Then

t(B)S(p(B)) —

C
Vs(8,710) = 7= (1—4(B)D, (5,8)

9

Moreover, the value at the initial belief by equals

V(b07557|0) :DO(bOWB)Vﬁ(ﬂ7’Y|0)a OSbO <Bv

V(bo; B,710) = (1 — €(bo)) Dy (bo, B)V5(B,7(0)
+ £(bo)S(p(bo)) —C, B < by <7,

and

Proof. At b = (3, the policy prescribes a test. If the outcome
is positive, Assumption 2 implies p(f) > v > @ and
thus immediate treatment yields S(p(53)). If the outcome is
negative, belief becomes n(8) < [ and the policy waits
deterministically until the belief returns back to (3, yielding
the continuation value Dgy(n(8), 3)Vs. Taking expectations
and subtracting C' yields a fixed-point equation in Vj, which
rearranges to Eq. (9). The value at by follows by conditioning
on whether by lies in the wait, test, or treat region (i.e.,

boe(oaﬂ)u[ﬁﬁ)u[%g)) D

Remark 2. Under logistic drift, all discount factors in Propo-
sition 1 are explicit rational powers of odds ratios by Eq. (5)
and Eq. (6). In particular,

7/(140)
o= ()" s

and therefore D, (b, 8) = (Q(n(b))/Q(B))F/(He). Hence the
evaluator is closed form, and the precomputation of F' in
Sec. VI becomes unnecessary in the logistic case.

v <by <1

C. No-Test Benchmark and the Logic of Waiting

A policy with S = = never tests: it waits until the belief
reaches 7 and then treats. Since S(b) = 0 for b < @, treating
too early can only destroy value relative to waiting.

For a fixed 0, define the no-test value

VN (bol0) = sup  Dy(bo,b) S(b).
b€ [bo,B]

If the maximizer bNT(0) exists in (@, b), it solves the first-
order condition
B+H B T
(B+H)Y—H (1+0)f(b)
Thus, absent testing, the treatment boundary depends on the
discount rate r, the drift f, and the speed parameter 6.

(10)

Proposition 2 (No-Test Boundary under Logistic Drift).
Suppose f is logistic as in Eq. (2). If the no-test maximizer
bNT(0) is interior in (&, b), then it satisfies

(B+H)np(1+60)b(b—0b)=r((B+H)b—H), (11
and hence admits the closed form
DT (g) = (B+H)n(1+0)b—r(B+H)+ +/A(0) (12)
2(B+ H)n(1+90) ’
where

A(0) = ((B+H)n(1+40)b—r(B+H))*—4(B+H)n(1+6) rH.



Proof. With logistic f, Eq. (10) is equivalent to Eq. (11).
Solving the resulting quadratic equation and selecting the root
in (@,b) yields Eq. (12). O
V. EX-POST OPTIMALITY AND RELATIVE ROBUSTNESS
A. Ex-Post Optimal Value
For each realized 6 € ©, define the ex-post optimal value
within the policy class of Definition 1:

V*(bo|#) = max V(bg; 3,7|0),
(bo|0) o (bo; B, 716)
where D is the feasible set

D={(B7eb1P: n(z) <B<y a<y<pB)].

If C is large or the test uninformative, the maximizer may lie
on the degenerate boundary 3 = ~, corresponding to a no-test
policy.

B. Performance Index and Relatively Robust Thresholds

For (3,7) € D and 6 € © with V*(by|6) > 0, the quality
of the two-threshold policy relative to a given parameter
realization is evaluated by the performance ratio,

V(bo; B, |0
o(ple) = L2l

Definition 2 (Performance Index). The performance index is
defined as the worst-case performance ratio,

€ [0,1].

p(6,7) = minp(f,~16),
relative to the ambiguity set ©.

A relatively robust threshold pair maximizes the perfor-
mance index, so

A,A € arg max ,Y)-
(B,%) g(m)epp(,@ 20)

C. Boundary Reduction under Quasiconcavity
The practical simplification underlying relative robustness
is that worst-case performance often occurs at 00.

Proposition 3 (Boundary Representation). If for each
(8,7) € D, the map p(B,7|-) is quasiconcave on ©, then

p(B,7) =min{w(5,7\91),<p(/3,7|92)}, (B,v) € D. (13)

Proof. By quasiconcavity, ¢(f,y|-) attains its minimum over
the compact interval © at an endpoint. O

When (B ,4) lies in the interior of D and the minimum in
Eq. (13) is attained through equality, one typically observes
the equalization pattern

@(Ba ,3/‘91) = (p(/@a rAY|H2)a
which can be viewed as a “balance at the extremes.”

VI. COMPUTATION

Closed-form solutions for (3,4) are generally unavail-
able. Proposition 1, however, provides a fast evaluator for
V(bg; 8,7|6) that enables brute-force computation on a grid.

Algorithm 1 Grid Search for Ex-Post Optimal Thresholds and
Relatively Robust Thresholds

1: Input: primitives (bo,b,7, B, H,C,q1,q2), drift f, grids
Y, (07}

2: Precompute &, (p(b*),n(b),£(b")) on {b'}, and the fea-
sible grid set Dy = D N ({b'} x {b'})

3: Precompute Dy; (b%, %) for all (4, k, j) as needed (closed
form under logistic drift, Remark 2)

4: for j =1to M do

5. Compute V*(bo|67) = maxg )epy V(bo; 5,7]67) us-

ing Proposition 1

6: end for

7. Compute p(,v) = min; V (bo; B,7|67)/V*(by|6?) for all
(67’7)A€ DN

8: Set (58,%) € argmax (s ,)epy £(B,7)

9: Output: (3,4) and guarantee p(S,%5)

A. Grid Search on the Threshold Triangle

Let {b°}¥, be a grid on [0, 1] with 8° = 0 and bV = 1, and
let {67})1, be a grid on ©. Precompute F(b") = 70(b°, ")
by numerical quadrature in Eq. (3), then obtain 74(b%, b*) =
F(b*) — F(b%) and Dy; (b%,b*) from Eq. (6). This makes the
evaluation of Proposition 1 constant time per grid point.

B. Algorithm

The search complexity is O(M N?) with simple constant-
time evaluators once F' is tabulated. Coarse grids yield in-
formative robust thresholds, and local refinement around the
maximizer can tighten accuracy.

VII. APPLICATION

We illustrate the model on a screening problem motivated
by post-exposure tuberculosis infection (TBI) testing among
close contacts. A practical feature of contact investigation is
that immunologic conversion is delayed, so retesting after an
initially negative result is clinically meaningful, while effec-
tive exposure intensity is heterogeneous across outbreaks and
settings. This combination maps naturally into (i) a monotone
prevalence drift and (ii) multiplicative ambiguity in the speed
of that drift.

A. Interpretation and Time Scale

We interpret b(t) as the probability of TBI among identified
close contacts at time ¢ since an index exposure, conditional
on the information available. A fest is a TBI assay episode
(screening plus confirmatory steps), and treatment is initiation
of preventive therapy. The ceiling b captures the fact that
not all exposed contacts become infected. Time is measured
in months in the numerical illustration, consistent with the
window-period logic in contact investigation and the opera-
tional cadence of follow-up.3

3If a different horizon is of interest (e.g., longer-term cohort screening), only
the calibration changes; the structure of the policy and the relative robustness
criterion are unchanged.



Boundary Band

t (months)
Fig. 1. Belief dynamics under speed ambiguity: b = (1 + 6)nb(b — b).

TABLE I
Illustrative Calibration for Post-Exposure TBI Screening (Time in Months)

Parameter Value Interpretation

bo 0.120 Initial belief at baseline

b 0.550 Ceiling belief

f(®) nb(b—b) | Logistic drift (Example 1)

n 0.800 Nominal speed (per month)

r 0.080 Discount rate (per month)

(C] [-0.5,0.5] | Speed ambiguity

q1 0.750 Sensitivity of TBI assay (representative)
q2 0.800 Specificity of TBI assay (representative)
C 150 Test cost

B 3000 Benefit if infected and treated

H 1200 Harm if uninfected and treated

B. Calibration

Table I reports the primitives used in our numerical imple-
mentation. The belief drift is logistic (cf. Example 1) and the
ambiguity set is © = [—0.5,0.5], so the speed (1 + 6) ranges
from one-half to one-and-a-half of the nominal intensity; see
Figure 1.

Remark 3 (Calibration Rationale). The calibration is in-
tended to match a short-horizon screening environment in
which retesting is plausible and intensity misspecification
is material. The delayed detectability (window period) and
retesting logic in contact investigation support the timing
interpretation [22]-[24]. Values for test performance and costs
are chosen to be representative of TBI assay episodes used
in economic evaluations [25], while (B, H) are scaled in
net-monetary (or monetized net-health) units, noting that the
policy thresholds are homogeneous in the scaling of (B, H, C')
[26].

C. Heuristic Policies and Robust Policy

To separate the effect of ambiguity from the effect of
optimization, we compare four stationary threshold rules.

Definition 3 (Three Ex-Post Heuristics). For 6 € {61,0, 6},
let (5*(0),~v*(0)) be a maximizer of V (bo;3,7|0) over D.
The slow-optimal, nominal-optimal, and fast-optimal heuris-

tics are the policies (5*(01),7*(61)), (8*(0),7*(0)), and
(8*(02),~v*(62)), respectively.

The relatively robust policy (3,4) maximizes p(3,~) over
D, with p defined in Definition 2. For the calibration in Table I,
the grid search yields

B*(61) = 0.390, B*(0) = 0.442,

p(B,4) = 0.977,

and the corresponding canonical reporting of v respects fea-
sibility and separation.* Figure 2 plots the performance ratio
o(B,7 | 0) for the relatively robust policy and the three ex-
post heuristics, evaluated at the initial belief by (the state at
which the robust thresholds are computed).

B*(62) = 0.467,

B=0.427, 4 =0.495,

0.984 Z

0.96 -

0.94 -

e(B,718) at b=1by

mm Relatively Robust Policy (computed at by)
Slow-Optimal Heuristic

~ = Nominal-Optimal Heuristic

........ Fast-Optimal Heuristic

E
0.9 ¥

0.88 -

Fig. 2. Performance ratio as a function of & € © for the relatively robust
policy and the three ex-post heuristics, evaluated at the initial belief level
bo = 0.120. The horizontal line indicates the robustness guarantee p(5, %) =
mingeo ©(8,4 | 0) = w(B,4 | 02) = 0.977 for this calibration.

Moreover, Figure 3 shows typical belief trajectories under
the robust policy with # sampled in ©. Each sample path
evolves deterministically between test events and exhibits
upward or downward belief jumps at test times. The shaded
band highlights the test region [B,”y), and repeated negative
outcomes generate visible retesting cycles, consistent with the
window-period logic in short-horizon screening.

Remark 4 (Quasiconcavity). The boundary representation in
Proposition 3 requires quasiconcavity of 6 +— ¢(3,7]6) on
©. In the numerical illustration, quasiconcavity holds for the
robust policy and for the three ex-post heuristics (cf. Figure 2).
A proof can be obtained by establishing quasiconcavity of
0 — V(bo;B,7|0) and 6 — V*(by|6) and combining these
properties on O; operationally, quasiconcavity implies that the
worst-case performance for a fixed policy occurs at 67 or 6o,
which is exactly what Figure 2 reveals.

“When by < B, the value of a two-threshold policy depends on § and
the continuation value at 3; multiple v values can be equivalent on a grid
because S(p(8)) is constant in ~ under separation. To avoid spurious “y = b”
artifacts, we report a canonical feasible interior v for each (3, leaving the
induced value unchanged at bg.
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Fig. 3. Sample belief paths with update jumps (relatively robust policy; speed
parameter € © sampled uniformly).

VIII. DISCUSSION AND EXTENSIONS

The framework treats belief drift as deterministic but speed-
ambiguous, targeting intensity misspecification rather than
shocks. Several extensions are natural. First, f may be derived
from compartmental dynamics (with belief defined as an
appropriate ratio), while ambiguity still enters through an
intensity factor. Second, pooled or repeated evidence can
replace the one-step Bayes updates (p,n). Third, primitives
such as payoffs, test accuracy, drift (and even the ambiguity
set ©) may depend on patient features, yielding individualized
thresholds and, under scarcity, triage. Capacity limits on tests
or treatments can be modeled as constraints whose shadow
prices produce higher “effective costs.” Sampling or estimation
bias can be handled by enlarging the ambiguity set (e.g.,
allowing the initial belief by to vary in a plausible interval)
and applying the same relative-robust benchmark.

A final motivation concerns outbreak settings (including
fast-moving diseases after rescaling time units), where early
data are thin and both baseline risk and effective intensity
are poorly identified, naturally widening © and making robust
tradeoffs operationally relevant.

IX. CONCLUSION

Screening decisions are about information acquisition and
comparing the marginal costs and benefits of knowledge.
Deterministic models clarify this tradeoff, yet they can embed
parameter values whose stability is doubtful. We retain deter-
ministic belief dynamics but allow ambiguity in their speed
through a multiplicative factor. A two-threshold stationary
policy then admits a closed-form value via a travel-time trans-
form, keeping computation transparent. Relative robustness
evaluates a policy by its value relative to the ex-post best
policy under the realized speed and selects thresholds that
maximize the worst-case performance ratio. The resulting rule
is calibrated to perform well in both slow and fast regimes
of prevalence accumulation, without presuming a probability
model for which there is little defensible basis.
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APPENDIX A: DIRECT SHAPE RESULTS FOR
PERFORMANCE RATIOS UNDER SPEED AMBIGUITY

1. Purpose and Standing Assumptions

This appendix provides a direct route to shape restrictions
in the speed parameter 6 for the performance ratio

V(bo; B,716)
0(8,716) V(o)
tailored to the screening application in Sec. VII, where (i)
belief drift is logistic, (i) speed ambiguity is © = [—0.5,0.5],
and (iii) the relevant policies satisfy by < 3 (Table I has by =
0.12 and the computed optimal/robust thresholds satisfy 0 ~
0.39-0.47).

The goal is a simple sufficient condition that can be checked
quickly and that holds in the numerical illustration. Under
separation, 6 enters the policy value through two primitives
only: (i) discounting along deterministic belief trajectories
and (ii) a single retesting factor that captures the discounted
likelihood of returning to the test threshold after consecutive
negative outcomes. Bounding that retesting factor yields curva-
ture control and, in the present calibration, delivers the single-
peaked performance-ratio shapes observed in Fig. 2 (evaluated
at the initial belief bg).

All standing assumptions introduced in the main part are
maintained. In particular, belief evolves as b = (1 + 6) f(b)
with § € © C (—1,1) and discount rate > 0. The test is
binary with (q1,q2) € (1/2,1)? and cost C' > 0,

kb
PO = e
(1/v)b

n®) = T @ —

where kK = @1/(1 —¢q2) > land v = ¢2/(1 — ¢1) > 1.
Treatment payoff is S(b) = max{0,(B + H)b — H} with
a=H/(B+ H).

£(b) = b+ (1 — q2)(1 = b),

2. One-Threshold Reduction under Separation

The separation condition in the main part is

n(y) < B <~ <p(B).

Under separation and « > @, the continuation value at 3
depends on [ but not on -, because any positive test at 3
jumps to belief p(5), which is already in the treat region.

Lemma A.1 (Value Depends on 5 Only under Separation).
Fix 8 € [0,1]. Suppose ~y satisfies 5 < v < p(B) and v > @.
Then for every 0 € ©,

In particular, within the feasible class D, the map
(8,v) — Vi(bo;B,7|0) is constant along the ~-interval

max{f, at}, p(B)].

Proof. At belief b = [, a test is administered. Under sep-
aration, a positive result yields posterior p(3) > =, so the
policy treats immediately and the stopping payoff is S(p(83)),

which is independent of . A negative result yields posterior
n(B) < B, so the policy waits deterministically back to 8 and
repeats. Thus, the fixed-point equation for the continuation
value at 8 involves only 8 (through £4(53), p(8), n(53)) and
discounting along the path from n(53) to [, but not «. The
remainder of the argument follows from Proposition 1. O

Remark A.1 (Canonical Choice of ). Lemma A.l1 for-
malizes the “without loss of generality” choice v = p(f)
(or any other feasible interior y) when attention is restricted
to stationary two-threshold policies with separation. Accord-
ingly, in the remainder of the appendix V' (bg;3|0) denotes
the value of the policy with threshold S and any feasible

v € [max{B,a},p(B)].

3. Canonical Decomposition and the Retesting Factor z
For b < V', define the nominal travel time and the ambiguous

discount factor

’

du

by flu)

Fix 3 and define the (policy-dependent) primitives

a—(B) = r7o(n(B),B),

TO(b7 b/) =

Dy(b, V) = exp (”0(“’)> .

1+6

ao(B) = r7o(bo, B),

k(B) =1-4(B) € (0,1), N(B) =£(B)S(p(B)) - C.

For the policies of interest in Sec. VIIL, by < 5 and N(8) > 0,
so Proposition 1 yields the compact representation

N(B) exp (-5

V(bo; 516) = . (A.D)
’ 1—k(B) exp(f a{_ﬁ’g))
The key object is the retesting factor
_ -(8)
5.0) = k)ew(-227)

which is the product of (i) the probability of a negative out-
come at § and (ii) the discount factor incurred while waiting
from n(f3) back to 5. The associated retesting multiplier is
M(8,6) = 1/(1 - =(8,6)).

It is convenient to use the monotone change of variables

1 1
= —_— X = ; = . A.
x 1+9a T e [l’g,l‘l], Zq 1+91 ( 3)
Then (A.1) becomes
N efao(ﬁ)x N efao(ﬁ)m
V(b Bla) = — ) i (A4)

T 1-k(Blea-B®r  1-2z(B,z)

where z(8,x) = k(B)e~ % Pz,



4. Log-Derivatives and a Uniform Bound under z < 1/2

The following result provides the derivative that allows for
much of the direct comparison.

Lemma A.2 (Log-Derivative Representation). Assume that
bo < B and N(B) > 0. For x € X, let V be defined by (A.4)
and set z(f,z) = k(B)e= % P)* Then

9 , _ a—(B) (B, z)

o log V' (bo; Blz) = —ao(B) — T—2B.2) (A.5)

Moreover, 0, logV < 0 and
a—(B) z(B,z)
—ap(B) — T—2(B.2) < —aop(B). (A.6)
If, in addition, z(B,x) < 1/2, then
z(B,x)
TR

and therefore

—ap(B) —a—(B) < 9, log V(bo; Blz) < —aog(B). (A7)

Proof. Take logs in (A.4):

logV =1log N(B) — ao(8)x — log (1 — (B, z)).

Differentiate with respect to x and use 0;z(5,x) =
—a_(B)z(B, ) to obtain (A.5). The bound (A.7) follows from
z/(1—2) <1 when z < 1/2. O

Remark A.2 (Interpretation of z < 1/2). The condition
z(8,0) < 1/21is a “half-life” restriction on retesting: it implies
M(B,0) =1/(1—2(8,6)) < 2, so the option value of repeated
negative outcomes cannot inflate the continuation value at 3
by more than a factor of two. In turn, the sensitivity of log V' to
the speed parameter is dominated by the deterministic waiting
penalty ao(8), which is the structure behind single-peaked
performance ratios in the tuberculosis calibration.

5. Single-Crossing Based on Decreasing Differences

Fix two thresholds 3 and /3 (both with by < min{s, 3} and

N(B),N(B) > 0) and define, for z € X,
A(w; 8, ) = log V(bo; Blz) — log V (bo; Blx).

Single-crossing of the ratio V' (by; B|z)/V (bo; Blz) is equiva-
lent to single-crossing of A.

A convenient sufficient condition is decreasing differences
of logV in (8, ), i.e., 9?log V/(9 dx) < 0 on the relevant
domain.

(A.8)

Proposition A.1 (Decreasing Differences = Single-Cross-
ing). Let B C (0,b) be an interval on which by < 3 and
N(B) > 0 for all B € B. If logV (bo; B|x) has decreasing
differences on B x X, i.e.,

2

0
. <
95 0% log V' (bo; Blz) <0 forall (B,2) € Bx X,

then for any 83,3 € B, the map x — Alz; 3, /51) is monotone
on X. Consequently, x — V (bo; B|x)/V (bo; B|x) is single-
crossing on X, and 0 — V(bgy;5|6)/V (bo; B]0) is single-

crossing on ©.

Proof. If logV  has decreasing differences, then
0y log V' (bo; B|x) is nonincreasing in /S for each x. Hence,

for 5 > 3,

A'(x; 8, 8) = 0, log V (bo; Blx) — 0, log V (bo; Blz) <0,
forall x € X, so A(+; 3, 5) is monotone and crosses any level
at most once. The equivalence between x and 6 follows from
the monotone transform = = 1/(1 + 6). O
6. Sufficient Check for Decreasing Differences when z < 1/2

Lemma A.3 (Half-Life Slope Dominance Bound). Assume
bp < B and N(B) > 0. Suppose ao(B) and a_(f3) are
differentiable in 3 and define z(8,x) = k(B)e= % . Then
92 log V (bo; 3)
9B Ox
where

_ o (8)2(8,2)  a_(B)zs(B.x)
=—a(B) TG Tt

(A9)

29(8,2) = e~ 7 (K (8) = K(B)aL(B)z)-

If, on an interval B, the half-life bound z(3,x) < 1/2 holds
Sor all (B,z) € Bx X and

ag(B) > 4a_(B) sug |25(8,2)| forall B€ B, (A.10)
xTE

then log V' has decreasing differences on B x X.

Proof. Equation (A.9) follows by differentiating (A.5) with
respect to 3. If z < 1/2, then (1 — 2)~2 < 4, and therefore
a—(B) zs(B, )
A— =gy = o@D 21
Moreover, the middle term in (A.9) is < 0 when a’ (8) > 0
(as in the logistic verification below). Under (A.10), the right-
hand side of (A.9) is <0 on B x X. O

Remark A.3 (Simplicity of Half-Life Bound). Condition
(A.10) compares the deterministic waiting slope a((8) =
r/f(B) with the maximal sensitivity of z(/3,z). The half-life
bound z < 1/2 turns (1 — z)~2 into the constant 4.

7. Implication for Quasiconcavity in the TBI Calibration
In the tuberculosis calibration of Sec. VII, the computed
optimal thresholds satisfy
B*(01) = 0.390, B*(0) = 0.442, B*(6) = 0.467, 5 = 0.427,
so the testing thresholds g of the policies in Fig. 2 lie in
Brpr = [0.390, 0.467].

On this interval, verification is minimal: (i) the half-life bound
can be checked at (3,6) = (0.390,0.5) because 5 — z(53,0)
decreases while 0 +— 2z(f,0) increases; and (ii) the slope
dominance check (A.10) is comfortably satisfied for Table I.

Combining Lemma A.3 with Proposition A.1 yields single-
crossing of ratios V (bo; 3|0)/V (bo; 5|6) for 8,5 € Brai,
supporting the boundary logic behind Proposition 3 for the
policies used in the numerical illustration.



8. Logistic Drift Specialization for Table 1

Under logistic drift f(b) = nb(b — b), define odds Q(b) =
b/(b—b) and # = r/(nb). Then

L1 W) o ((20)
T()(b,b)—nbln(g(b)>a DO(bab)_ (Q(b/)) ’

Hence, for by < S,

i) =n(gy) o9 = ()
and 2(5,9):1@(5)( gb(( )))>f/<1+e>.

Moreover, ag(3) = r/f(8) = r/(nB(b —

strictly positive on (0, b), and

& =" (735 i)

, 1/v

B) = € (0,1),
( (1+((1/v) - 1)B) o1

so a’_ () > 0 holds on the empirically relevant range. To-
gether with k() = —¢/(5) < 0, this yields the monotonicity
claims used in Subsec. 7 and reduces the half-life verification
to an endpoint check.

B)) is explicit and

APPENDIX B: INDIRECT METHODS

We sketch an alternative route to quasiconcavity of ¢(S3,~|-)
based on total positivity (TP), as developed by Karlin [B1].

1. Mixture Representation for V and a Change of Variables

We begin with a series representation for the value of a
fixed two-threshold policy u = (3,7) under the time-scaling
structure.

Lemma B.1 (Discrete-Mixture Representation). Fix a feasi-
ble two-threshold policy uw = (8,v) € D with v > &. Assume
by < [ and define

CLO(U) = TTO(b076)7
E(u)=1—-4£(B) €
Then for every 6 € ©,
(u) > k(u

m=0

a_(u) = r7o(n(8), B),
N(u) = £(8)S(p(8)) - C.

™ exp (—
(B.1)

For B8 < by < 7, V(bo;ulf) equals a O-independent term
L(bo)S(p(bg)) — C plus the same type of series with ag(u)
replaced by r7o(n(bg), B). For by >y, V(bo;u|d) = S(bo) is
0-independent.

(0,1),

V (bos ul6) = ao<ﬂ>+ma<u>) ,

1+46

Proof. For by < [, Proposition 1 gives

N (u) Dy (bo, B)
1 — k(u) Do(n(B), B)

V(bo; ulf) =

Since 0 < k(u)Dg(n(s3),5) <1 on O,

1
1 —k(u)Dy(n Zk

Using Dg(b,b') = exp(—(r7o(b,0'))/(1 + 6)) and collecting
exponents yields (B.1). The other cases follow from Proposi-
tion 1. O

)" Dy(n(8),8)™.

Lemma B.1 expresses V as a positive combination of
kernels exp(—a/(1 + 6)). Introduce the change of variables

1

so x € X = [x2, 1] with z; = 1/(1+ 6;) and exp(—a/(1 +
0)) = exp(—ax). For by < S,
V(bo;ulz) = Z 0 (u) exp(—sm (u)z), (B.3)
with
am(u) = N(u) k(w)™,  sm(u) = ap(u) + ma—(u). (B.4)

Remark B.1 (Interpretation). The index m counts the num-
ber of negative retests at S before the first positive outcome.
The weights ., (u) have a geometric tail, while s,,,(u) is the
associated effective discounted time.

Example B.1 (Logistic Drift). Under logistic drift f(b) =

nb(b — b) (cf. Example 1), define odds 2(b) = b/(b—b) and
7 =r/(nb). Then

n_ L (00)
o(b,b) =7 (Q@)’
and Q) Q(B)
Sm(u) = TA(IHQ(bO) + man(n(ﬁ))>

Moreover, (B.3) sums to

V(bo; ulx) =

consistent with Remark 2.

2. Pairwise Interval Property and Quasiconcavity of ¢(8,7|)

A function g : © — R is quasiconcave if all upper contour
sets are intervals. Since © C R, this means: for every A € R,
the set {# € © : g(f) > A} is an interval (possibly empty).

Definition B.1 (Pairwise Interval Property). Let {G, : © —
R}yey be a family of functions and fix w € V. We say that
G, has the pairwise interval property on O relative to {G,}
if for every v € V and every A € R, the set

0 e0: Gulf) > \Gy(0)
{ J

is an interval (possibly empty).



Lemma B.2 (Pairwise Interval Property = Quasiconcav-
ity). Let {G}yey be nonnegative functions on ©, and define

G*(0) = sup G, (6),
veY

Fix uw € V and assume G*(0) > 0 on O. If G, has the
pairwise interval property on © relative to {G,}, then 0 —
G, (0)/G*(0) is quasiconcave on ©.

Proof. Fix A € R. Since G*(0) = sup,, G, (),

> /\} -N {9 cO: Gu0)> )\Gv(e)}.

veVY

0€o.

Gu(0)
G*(0)

{96@:

Each set in the intersection is an interval by Definition B.1,
hence the intersection is an interval. O

Remark B.2 (On “Only Comparing to the Optimum”). If
there exists v* € D such that V*(bg|0) = V (bg; v*|0) for all
6 € O, then quasiconcavity of o(u|-) reduces to the pairwise
interval property of 6 — V(bo;u|0)/V (by; v*|6). In general,
the maximizer may depend on 6, and it suffices to check the
property against policies that are optimal for some 6 € ©.

3. Total Positivity, Single-Crossing, and TP Criterion

Under the transformation (B.2), the basic kernel is

K(s,x) = exp(—sz), s,x >0,

which is TPy on Ry x R, (Karlin [B1]). This implies that
monotone likelihood-ratio orderings of mixing weights yield
single-crossing for ratios of the corresponding mixtures.

Proposition B.1 (TP, and MLR = Pairwise Interval
Property). Fix two policies u and u and write their values in
the x-variable as

Gyu(z) = Z am exp(—smz), Ga(x) = Z G, €Xp(—Sm ),

m>0 m>0

forall x € X, on a common nondecreasing support {sm }m>0
with nonnegative weights {cu,tm>0 and {&pm }m>0. If the
likelihood-ratio sequence /v, is monotone in m (either
nondecreasing or nonincreasing), then x — G, (z)/Ggz(x) is
single-crossing on X. Hence, for every A € R, the set

{x e X: Gyulx) > )\Gﬂ(l‘)}

is an interval, and equivalently {0 € © : G,(0) > MGz (0)}
is an interval.

Remark B.3 (Role of the Criterion). Proposition B.1 links
the mixture representation to the pairwise interval property,

and with Lemma B.2 yields quasiconcavity of 6§ — (53, v|0)
on O.

4. How the Sequences Arise in the Two-Threshold Model

We now turn to the question of how the sequences {s,,}
and {o, } arise in the present model.

4.a. Support Points as Discounted Retest-Cycle Times:
For by < 8, Lemma B.1 yields s,,(u) = ao(u) + ma—(u),
ap(u) = r719(bo, 8), and a_(u) = r1o(n(B), 8). Thus, s, (u)
is discounted time to the first test at 5 plus m discounted
retest-cycle times.

4.b. Weights as a Geometric Retesting Law: The weights
are am(u) = N(uwk(uw)™, N(u) = £(B)S(p(8)) — C, and
k(u) = 1—£(8), so k(u)™ is the probability of m consecutive
negatives at 3 before the first positive outcome.

4.c. Canonical Common Support via Truncation and Union:
Different policies generally generate different supports {ag +
ma_ }m>o. For a truncation level M, define

Sur(u) = {ao(u) +ma_(u): me{0,1,.. .,M}}.

For two policies u and 1, let {s;,}Z _, be the sorted list
of distinct points in Sps(u) U Sps(@). Define weights on this
common support by aggregation,

>

j: ap(u)+ja—(u)=s
N(@)k(a),

j: ap(@)+ja—(a)=s

N (u)k(u)?,

and relabel (s, a(s), @(s)) as (Sm, Qm, @m)Z .

5. MLR Ordering: Plausibility

The MLR condition in Proposition B.1 is sufficient and is
natural when one policy induces stochastically more retesting
than another.

5.a. Geometric Tails and MLR Characterization of Support
Alignment: If two policies share the same (ag, a_), then

()"

N\k/ ~’

SO /Gy, is monotone in m whenever k > k or k < k.

5.b. Ordering of k across Policies: Since £(b) is affine and
increasing, k(3) = 1 — ¢(f) is decreasing in 8. Thus, smaller
[ yields larger k and a heavier geometric tail in retesting.

5.c. Support Differences and Nearly Aligned Mixtures:
When (ag, a_) differ, the supports do not coincide, but longer
effective times arise from larger k, larger a_, or both. These
shifts are the channel through which MLR-type comparisons
tend to hold on a common sorted support.

5.d. Operational Check: For fixed u, u, the truncation-and-
union construction yields finite sequences (S, Qm, Gm ) .
One checks MLR by verifying

Om+1

Um
Qm

> dm

a’l’ﬂ

for all m € {0,1,...,L — 1},
or the reverse inequality, after removing indices with &,,, = 0.
With M large enough that £ is negligible, this provides a

practical sufficient condition.

ant+1
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